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APPLICATION OF SELECTED METHODS OF GRAPH THEORY
AND COMBINATORIAL HEURISTICS
TO MINIMISING THE NUMBER OF TRANSITS NODES
IN AN AIR NETWORK

Abstract: In the paper we present the notion of α-clique and some of its properties. Covering
with α-cliques is a preprocessing method for an air network, described as a graph, in which
vertices correspond to airports and edges correspond to air connections. Using the α-clique
cover we obtain a hypergraph, in which we find the minimum transversal. The set of vertices
thus obtained is the sought-for set of transits nodes, called hubs. Using the α-clique concept
instead of proper cliques we can obtain the solution to the graph covering problem easier.
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1. Introduction
The hub and spoke problem is one of the most important issues in air traffic opti-
misation. Most of the market is serviced by the former national carriers. These lines
make use of the concept based on the hub-and-spoke structure. Owing to hubs they
can offer more frequent flights. They gain the capacity of servicing long-distance
flights, which shall remain outside the capability of the “low cost” carriers. Hubs
support concentration of traffic flows, and thereby an increase of the load factor in
the aircraft.

The hub-and-spoke structure of a connection graph enables concentration of
flows of transported persons/goods among vertices. Figure 1 presents an example
of the initial structure of air connections among main cities before concentration.
There are multiple point-to-point connections. The flights are rather infrequent and
expensive. There are difficulties with flight synchronisation at the interchange air-
ports, mainly due to the fact that connections are serviced by more than one carrier.
An adequate choice of several transit nodes and local connections could improve
the transport system, reducing carrier costs and increasing service efficiency. After
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concentration (Fig. 2), the graph of connections turns into a hub-and-spoke struc-
ture and each carrier controls one hub airport with several short point-to-point
connections (spokes). The hub-and-spoke structure presented in Figure 2 reduces
the complexity of the management problem.

Fig. 1. Input structure
(Cormen et al. 2004)

Fig. 2. Corresponding
“hub-and-spoke” structure
(Horner et al. 2001)

Thus, given some starting point structure, represented by a graph, in which the
majority of edges represent “point-to-point”, connections, our problem is to obtain
the hubs in such a graph, with the remaining airports corresponding to spokes
(Fig. 3).

The literature contains numerous variants of the hub location problem. It is
common to represent it in the form of integer programming (Horner et al.2001,
Min et al. 2004, O’Kelly 1987, O’Kelly et al. 2002). In Mażbic-Kulma et al. (2005) the
authors hereof showed an algorithm based on the methods of graph theory and
networks.

The algorithm proposed was composed of two parts:

– obtaining a separable cover of graph with cliques,
– obtaining a transversal in the hypergraph, a minimum one, in the sense of in-

clusion.

In this paper we describe a modified method based on the following algo-
rithms:

– obtaining a separable cover of graph with cliques,
– obtaining the maximum α-clique,
– obtaining a transversal in the hypergraph, a minimum one in the sense of in-

clusion.

Thus we shall successively present the notion of α-clique and its definite prop-
erties (Potrzebowski et al. 2006a, 2006b, 2007). Finding the covering of the respective
graph with cliques or α-cliques is the method of initial processing of the air network
(Mażbic-Kulma et al. 2005). Owing to the application of the inseparable covering
with α-cliques of the graph, we obtain a hypergraph, in which we look for the min-
imum vertex base, that is – a transversal in the hypergraph (Mażbic-Kulma et al.
2006, 2007a, 2007b, 2007c). The set of vertices thus obtained is the sought-for set of
transit nodes, i.e. hubs (Mażbic-Kulma et al. 2005, O’Kelly et al. 2002). Owing to the
application of the notion of α-clique instead of clique, we can more easily obtain
the set cover of the graph of connections.



Application of selected methods of graph theory . . . 113

Fig. 3. An example of air network

2. Basic notions

Following (Berge 1989) and (Wilson 1996), we shall first introduce some basic no-
tions of graph theory, illustrated in Figures 4 through 10:

– A graph is a pair G = (V ,E), where V is a non-empty set of vertices and E is
a set of edges. Each edge is a pair of vertices {v1, v2} with v1 �= v2.

– Two vertices vi, vj ∈ V in a graph G = (V ,E) are called incident if vi, vj ∈ E.

– A sub-graph of a graph G = (V ,E) is a graph G′ = (V ′,E′), where V ′ ⊆ V
and E′ ⊆ E, such that for all e ∈ E and e = v1, v2 if v1, v2 ∈ V ′ then e ∈ E′.

– A path in a graph G = (V ,E) from vertex s to vertex t is a sequence of vertices
v1, . . . , vn such that s, v1 ∈ E, {vi, vi+1} � E for i = 1, 2, . . . ,n− 1, {vn, t} ∈ E.

– A graph G = (V ,E) is a connected graph, if for each pair of vertices there is a
path between them.

– A clique (a complete sub-graph) Q = (Vq,Eq) in graph G = (V ,E) is a graph
such that Vq ⊆ V and Eq ⊆ E and each pair of vertices v1, v2 ∈ Vq fulfils the
condition {v1, v2} ∈ Eq .

– A maximum clique QM = (Vq,Eq) in a graph G = (V ,E) is a clique for which
there exists no vertex v ∈ V and v /∈ Vq such that Q′ = (V ′,E′) is a clique,
where V ′ = V ∪ {v} and E′ ⊆ E and each pair v1, v2 ∈ V ′ of vertices fulfils the
condition v1, v2 ∈ E′.
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– The degree of a vertex is the number of edges to which this vertex belongs.
Thus, for instance, in the graph in Figure 8, vertex 2 has degree 3 and vertex 4
has degree 5.

– A hypergraph is an ordered pair H = (X,F ), where X is a non-empty, finite
set of vertices, and F is a non-empty family of different subsets of the set X
fulfilling the condition: ⋃

f∈F
f = X

We call F the set of edges of the hypergraph.

Note that an edge of a hypergraph can contain any number of vertices (even
one), which makes a difference between hypergraphs and graphs. In fact, the
hypergraph can be viewed as a direct generalisation of the graph.

– A transversal Tr of a hypergraph H = (X,F ) is a subset of the set of vertices,
Tr ⊂ X , such that for each edge f of the hypergraph, there exists a vertex
x ∈ Tr such that x ∈ f .

– A transversal Tmi is called minimum in the sense of inclusion if no subset of
Tmi is a transversal.

– A transversal is called minimum in the sense of cardinality if there exists no
transversal with fewer elements.

Fig. 4. An example of a graph Fig. 5. Fully connected graph

In (Potrzebowski et al. 2006) the notion of α-clique was introduced: Let A =
(Vα,Eα) be a sub-graph of a graph G = (V ,E), where α(0, 1],Vα ⊆ V ,Eα ⊆
E, k = Card(Vα), ki be the number of vertices vj ∈ Vα such that {vi, vj} ∈ Eα:
1. For k = 1 the sub-graph A of graph G is an α-clique.
2. For k > 1 the sub-graph A of graph G is an α-clique if for every vertex vj ∈ Vα

the condition

α � ki
k

is fulfilled.
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Fig. 6. An example of a graph Fig. 7. A clique in the graph from Figure 6

Fig. 8. An example of a graph Fig. 9. A fully connected sub-graph in the
graph from Figure 8

Fig. 10. An example of a not connected graph for α = 1
2

Take an arbitrary vertex vi belonging to an α-clique A = (Vα,Eα). Let k =
Card(Vα), ki be the number of vertices vj ∈ V ? fulfilling the condition {vi, vj} ∈ Eα.

For α > 12 we have kik 	 α > 12 , that is kik >
1
2 ; hence ki >

1
2k. It can easily be

proved with the set theoretical argument that then for any two vertices, the sets of
vertices incident with each of them have a non-empty intersection, so the α-clique
with α > 12 constitutes a connected graph (Potrzebowski et al. 2006). For α � 12 the
obtained sub-graph may not fulfil the condition of connectedness – an example of
such a situation is shown in Figure 10.
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2.1. Algorithms for finding maximum clique and maximum α-clique

The Exact Algorithm

The Exact Algorithm (Kułaga et al. 2005), (Mażbic-Kulma et al. 2005), (Sapiecha et al.
2004) is a backtracking algorithm with selection of variables in the lexicographical
order.

The Exact Algorithm uses DFS (Depth-first search) strategy. Owing to the use
of the backtracking method The Exact Algorithm avoids multiplication of the same
sets. For a hypergraph with n vertices the full backtracking tree has 2n − 1 nodes.
For a hypergraph H = (X,F ) The Backtracking Algorithm works as follows:

Algorithm 1: The Exact – Backtracking algorithm

Tr := X;
V := X;
procedure BT (V )
begin

for a ∈ V selected in lexicographical order do
if V \{a} is not a transversal of hypergraph H then

begin
if Card(V ){a} < Card(Tr) then
Tr := V {a};

BT (V {a});
end

return Tr;
end

An Approximating Greedy Algorithm

Maximum clique

Let be:
G(V ,E) – a graph with nonempty set of vertices, V , and set of edges, E

Q – subset of the set of vertices V (a clique)
deg(v) – degree of a vertex v

maxdeg(G) – vertex with the biggest degree in graph G
remove(G, v) – removal from graph G of vertex v and all edges containing vertex v.

Y (Q) – subset of the set of vertices V such that all vertices from Y are
incident to each other.

Z – graph with the set of vertices Y , set of edges is a subset of the set
V , such that each edge is a pair of vertices (v1, v2), with v1 �= v2
and v1, v2 ∈ Y

Cl – set of graphs {G1(V1,E1),G2(V2,E2), . . . ,Gm(Vm,Em)} such that
Vi ∩ Vj = ∅ for all i �= j, i, j = 1, 2, . . . ,m, and
V1 ∪ V2 ∪ · · · ∪ Vm = V
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Algorithm 2: Maximum clique

procedure max clique(G)
input
V ; E;
output
Q;
begin
Q := ∅;
Q = Q∪maxdeg(G);
while Y (Q) �= ∅ do

begin
Q = Q∪maxdeg(Z); remove(G, maxdeg(Z));

end

end

In solving the maximum α-clique problem, we can use The Maximum Clique
Algorithm with the set Y (Q) being such a subset of the set of vertices V that if
we add any vertex from Y (Q) to the set Q, then the set Q with the corresponding
edges is an α-clique.

For obtaining the division of graph G(V ,E), we propose the following algo-
rithm:

Algorithm 3: Clustering

procedure cluster(G)
input
V ; E;
output
Cl;
begin
Cl :=;
while V �= ∅ do

begin
Cl = max clique(G); //Cl{Vi,Ei}
V = V \Vi;
E = E\Ei;

end

end

where Cl is a set of α-cliques, in particular, for α = 1, Cl is a set of cliques.

The algorithm presented above provides one solution that is not subject to later
modification. It is a greedy algorithm, yielding an approximation of the optimal
solution.

The maximum clique problem is an NPH problem, meaning that we do not
know exact algorithms of polynomial complexity solving this problem (Chvatal
1979, Corment et al. 2004, Cowen 1998, Feige 1998, Kumlander 2007, Lovasz 1975,
Protasi 2001).
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The maximum clique problem is a particular case of the maximum α-clique
problem; hence the maximum α-clique problem is also an NPH problem. It can be
solved in an exact manner by generating all the non-empty subsets of the set of
vertices using the backtracking tree. In this case computational complexity is at
O(2n) (Chvatal 1979, Hansen et al. 2004, Johnson 1974, Lovasz 1975). In the case
of a problem of a clique in a graph, if the set of vertices is a clique, then each
nonempty subset of this set is a clique too. In the α-clique problem for α < 1, there
exist cases in which for a set of vertices being an α-clique there exist its nonempty
subsets not being α-cliques. This constitutes an additional problem in constructing
an approximating greedy algorithm.

In a general case, verification whether a graph is an α-clique for a given α has
a polynomial computational complexity (if we dispose of a table of vertices and
their degrees, the complexity is linear). To verify whether a graph is an α-clique,
it suffices to find all vertices with the minimum degree. If these vertices fulfil the
α-clique criterion, the graph is an α-clique; otherwise, the graph is not an α-clique.
For the incidence matrix of a graph, from which we have separated a subgraph,
if we need to verify whether this subgraph is an α-clique, we have to additionally
calculate the degrees of all the vertices of this subgraph. In the worst case this
could be frack2 − k2 , where k is the number of vertices in the graph considered.
For problems with exponential computational complexity the exact algorithms are
practically useless, and so it is advisable to use approximation algorithms (Chvatal
1979, Cowen 1998, Feige 1998, Hansen et al. 2004, Hochbaum 1997, Jukna 2001,
Kloks et al. 1998, Kumlander. 2007).

Fig. 11. An example of α-clique for α = 0.8 Fig. 12. A subgraph of the graph from
Figure 11 which is not an α-clique
for α = 0.8

2.2. Algorithms for finding the minimum transversal in hypergraphs
A minimum transversal of a hypergraph can be found by generating all nonempty
subsets of the set of vertices, so we also here propose to use the lexicographical
backtracking algorithm as an exact algorithm (Kułaga et al. 2005, Mażbic-Kulma et
al. 2005, Sapiecha et al. 2004).
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Selected approximation algorithms

The Lovász-Johnson-Chvatal algorithm (Chvatal 1979, Hansen et al. 2004, Johnson
1974, Kułaga et al. 2005, Lovasz 1975, Sapiecha et al. 2004) is a greedy algorithm –
at each step it chooses a vertex that covers the largest number of edges.

Using the Lovász-Johnson-Chvatal algorithm we assume that the set of vertices
covering the hyper-edges should contain these vertices which cover the largest
number of edges. Let deg(x) be the degree of a vertex x and F (x) be the set of
edges to which the vertex x belongs.

The Lovász-Johnson-Chvatal algorithm for the hypergraph H = (X,F ) works as
follows:

Algorithm 4: The Lovász-Johnson-Chvatal algorithm

procedure LV (H)
begin
Tr := ∅;
V := X ;
E := F ;
while E �= ∅ do

begin
select vertex v : ∀z ∈ V : deg(z) � deg(v)
V := V \v;
E := E\ F (v);
Tr := Tr ∪ v;

end

end

The Lovász-Johnson-Chvatal algorithm finds a transversal of a hypergraph; for
some hypergraphs it may be a minimum transversal in the sense of cardinality,
but there exist hypergraphs for which the Lovász-Johnson-Chvatal algorithm finds a
transversal which is not minimum in the sense of inclusion; see Figure 13 (Sapiecha
et al. 2004).

Fig. 13. An example of a hypergraph for which the Lovász-Johnson-Chvatal algorithm finds
a transversal which is not minimum in the sense of inclusion
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The MSBT Algorithm

The MSBT algorithm seeks the vertices with the lowest degrees and removes them
from the set of vertices. If after the removal of a vertex the reduct is not a transversal,
then the removed vertex should be added to the transversal under construction,
and the edges incident with this vertex are eliminated from the hypergraph – they
are deemed to be covered.

If without the removed vertex the reduct is still a transversal, then we have to
look in it for all the vertices with the following property: in the reduct there is at
least one edge covered by exactly that very vertex. We remove these vertices and
all the edges covered by them from the reduct and we add these vertices to the
transversal. This procedure is repeated until all edges are removed, i.e., until all
edges are covered.

We carry out the MSBT algorithm as follows:

Algorithm 5: MSBT Algorithm

procedure MSBT (H)
begin
Tr := ∅; V := X ; Q := X ; E := F ;
for each edge covered by exactly one vertex v

Tr := Tr ∪ {v}; E := E\ F (v);
V := V \{v};

while V �= ∅ and E �= ∅ do
begin
k := m(V );
V := V \k;
if V is not a transversal of hypergraph (Q,E) then

begin
Tr := Tr ∪ k;
E := E\ F (x);
V := V \ Z(V ,E);

end
else

begin
for each edge covered by exactly one vertex v
Tr := Trv;
E := E\ F (v);
V := V \v;

end
Q := V ;

end

end

The MSBT algorithm ensures finding a minimum transversal in a hypergraph
in the sense of inclusion, and for an arbitrary tree it finds a minimum transversal in
the sense of cardinality (the smallest transversal), (Mażbic-Kulma et al. 2006, 2007a,
2007b, 2007c).
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Let H = (X,F ) be a hypergraph for which a minimum transversal is sought;
X – the set of its vertices, F – the set of its edges. Letm(x) be a vertex in X incident
with the minimum number of edges; if there are several such vertices, we pick any
one of them. Let Z(X,F ) be the set of vertices in the reduct of the hypergraph
H(X,F ); the elements of Z(X,F ) do not belong to any edge. Let F (x) be the set
of all edges incident with the vertex x.

3. The method for obtaining the “hub & spoke” network
For obtaining the “hub & spoke” topology, we propose the following method.
Let Cl be the set of α-cliques and G(V ,E) be the graph of connections.

– We obtain the maximum separated cover of graph G by maximum cliques using
cluster procedure.

– We expand each maximum clique to an α-clique by adding vertices from the
outside of it.

– We obtain hypergraph H(V ,Cl);
– We obtain a transversal tr1 using the LJC algorithm.
– We obtain a transversal tr2 using the MSBT algorithm.
– We obtain a transversal tr3 using theMSBT algorithm for the hypergraph (tr1,
Cl).

– The sought for transversal, tr, is this of the transversals tr2 and tr3 whose
cardinality is smaller.

– Each vertex vi of transversal tr is connected with the vertices belonging to the
edges covered by vertex vi.

We obtained the graph of connections. Figure 14 shows an example of the hub &
spoke air connection network.

Fig. 14. An example of the hub & spoke air connection network
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When we use the above method, we are certain that the cardinality of the
transversal is not larger than the number of maximum cliques. By expanding cliques
to α-cliques, we could obtain the smallest cover, i.e., the smallest number of hubs.

4. Conclusions
As already indicated in the introduction, selection of hub vertices is one of the most
important problems in air traffic optimisation. The airlines using the concept based
on hub-and-spoke (or transit nodes) can offer more frequent flights. They gain the
possibility of servicing long-distance flights and concentrating traffic flows, which
leads to higher load factor of the flights executed.
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