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The continuum models can be useful in analysis of different
nanostructures if they are appropriately tailored for a parti-
cular molecular structure and loading conditions. Such
models are very attractive in terms of data reduction and
analysis of structure-property relationships. However, the
application of models based on continuum mechanics
requires a careful analysis of continuum approximations
used in macro models and possible limitations. An excellent
review paper on the properties, experimental techniques,
simulation methods and applications of carbon nanotubes

(CNTs) is presented by Qian et al. (2002). The authors dis-
cuss several continuum-based methods, especially numeri-
cal ones, which are extensively used for modeling of differ-
ent nanostructures. A method, which links computational
chemistry and solid mechanics by substituting a discrete
molecular structure with an equivalent-continuum model,
is shown by Odegard et al. (2002). This substitution is
accomplished by equating the molecular potential energy of
a nanostructure with the elastic strain energy of a represen-
tative continuum model. The authors applied the method for
the analysis of graphene sheets and CNTs and determined
the effective thickness of models. A similar methodology is
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used by Li and Chou (2003) who have presented a stiffness
matrix approach for the analysis of CNTs. The analysis of
CNTs of different chirality is also shown by Tserpes and
Papanikos (2005) who have used the FEM to model the
nanostructure.

The combination of polymers with CNTs, acting as a ma-
trix and filler, respectively, results in a new class of mate-
rials, called carbon nanotube-reinforced polymers (NRPs).
These materials can have extraordinary functional and
enhanced mechanical properties, due to unique physical
and mechanical properties of CNTs (Saito et al. 1998). The
unusual properties of CNTs, including for instance small
size, low density, excellent electronic and thermal proper-
ties and extremely high stiffness and strength, can be
utilized practically to produce new nanocomposites of
required properties. However, in order to expose these
properties influencing the reinforcing effectiveness in
NRPs, several issues should be examined and well under-
stood. They include for instance dispersion and orientation
of CNTs within a polymer or bonding and interaction
between them. In the latest studies, the waviness of CNTs
as the additional important issue influencing the effective
mechanical properties of NRPs is investigated.

Despite of a substantial increase in computational power,
simulation of large systems, including for instance RVEs of
nanocomposites, is still nowadays a very demanding task
and often performed by continuum methods. In the lite-
rature many continuum-based models are presented, for
example equivalent-continuum or multiscale models, which
try to take into account the physical aspects of the nano-
scale, atomic interactions, the length-scale effects, etc.
However, the results of many researchers show that conti-
nuum models give a useful insight into behavior of different
nanomaterials, despite of their discrete atomistic nature,
provided that appropriate models are used. The continuum
methods, ranging from closed-form expressions to complex
micromechanical models and numerical methods, were suc-
cessfully applied in predicting the effective properties of
different composites, including nanocomposites. The solu-
tions are more or less consistent with different analytical
models or experiments. It is believed, that for the purpose of
the elastic moduli prediction, the continuum assumption is
an acceptable simplification. Among the numerical me-
thods, the finite element method (FEM) and the boundary
element method (BEM) (Brebbia and Dominguez 1992) are
the most frequently used.

Many authors have studied NRPs by using numerical or
micromechanics methods but most of papers deal with
straight CNTs. The evaluation of the effective properties of
carbon nanotube-based composites with straight CNTs by
the FEM and the BEM is presented for instance by Chen
and Liu (2003, 2004). Fisher et al. (2003) have developed
a hybrid model that allows the effect of CNTs waviness to
be incorporated into a micromechanical method. The model
combines the finite element results and a micromechanical

model for predicting the effective reinforcing modulus
(ERM) of a wavy nanotube. The ERM is then used in the
Mori-Tanaka method (Mori and Tanaka 1973) to predict
the effective modulus of NRPs. The same authors have pre-
sented a similar approach, in which the finite element model
of a wavy CNT is used to numerically evaluate the dilute
strain concentration tensor (Bradshaw et al. 2003). It is then
utilized in the Mori-Tanaka method to predict the effective
modulus of NRPs with aligned or randomly oriented CNTs.
A closed-form analytical model, incorporating the nanotube
curvature, length and orientation, for estimating the effec-
tive elastic modulus of NRPs, is developed by Anumandla
and Gibson (2006). The above models, although accurate
and efficient, assume a perfect bonding between a matrix
and nanotubes, which are treated as solid elements not hol-
low. Pantano et al. (2008a, 2008b) have developed the FEM
models, in which the curvature of CNTs and their inter-
action with a matrix are taken into account. The nanotubes
are modeled as hollow cylinders and the perfect or weak
bonding between a matrix and CNTs is analyzed. Shao et al.
(2009) have presented an analytical model to investigate
the influence of CNTs waviness and debonding. Recently,
Omidi et al. (2010) have proposed a new form of the rule of
mixtures, which includes many important factors influen-
cing the reinforcing efficiency, for instance waviness and
orientation of inclusions. The method allows for more accu-
rate prediction of mechanical properties of NRPs. Gene-
rally, in the papers discussed above, a significant influence
of the CNTs waviness (and other aspects) on the effective
elastic modulus of carbon nanotube-reinforced composites,
has been observed.

In this paper, the continuum methods are used to analyze
and determine the elastic properties of CNTs and CNT-rein-
forced composites with wavy nanotubes. A three-dimen-
sional FEM model of a single-walled CNT is analyzed. It is
then substituted with an equivalent one-dimensional beam
model in analysis of a two-dimensional RVE of the nano-
composite by the coupled BEM/FEM. The presented
approach allows exploiting the advantages of both numeri-
cal methods, which have been usually used separately or in
a combination with micromechanical methods to analyze
such composites. The waviness and shape of nanotubes, the
CNT/matrix Young’s modulus ratio and the volume fraction
of the reinforcement on the elastic properties of the com-
posite are investigated.

� ���������	�����������������

The analysis of CNTs under external loadings can be per-
formed by using continuum mechanics and a frame-like
model due to a similar geometry and behavior in compari-
son with real CNTs. In the present study, to simulate the
deformation and determine the elastic properties of a single-
walled carbon nanotube (SWCNT), the method presented
by Tserpes and Papanikos (2005) is used. It is based on the
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methodology shown by Odegard et al. (2002) and later by
Li and Chou (2003). The methodology is described below
in brief for the clarity of the paper.

A SWCNT is modeled as a space-frame structure by
the FEM. The very strong covalent bonds, which bind the
neighboring atoms, are modeled using three-dimensional
elastic beam elements, each of the length l. Nodes of these
elements (each having six degrees of freedom) are placed at
the locations of carbon atoms. The characteristic bond
length αC–C in the CNT is equal to the finite element length
l (αC–C = l). A circular cross-section of the element is
assumed thus the wall thickness t of the CNT corresponds to
the element diameter d. The above FE model requires the
definition of specific values of elastic material and geome-
trical properties of the connecting beams. A linkage be-
tween molecular and continuum mechanics is used in order
to obtain these values.

Omitting the electrostatic and non-bonded van der Waals
interaction, the main contribution to the total potential ener-
gy for covalent systems comes from the following terms:

total rU U U Uθ τ= + +∑ ∑ ∑ (1)

where Ur, Uθ and Uτ
are respectively the energies due to
bond stretch interaction, bond angle variation (bending) and
torsions (dihedral angle torsion UΦ and out-of-plane torsion
Uω are merged into a single term, i.e. Uτ
= UΦ + Uω).

Under the assumption of small deformations, the sim-
plest harmonic expressions for describing the energies are
adequate and adopted, and for the considered energies they
take the form:

( )21

2r rU k r= Δ (2)

( )21

2
U kθ θ= Δθ (3)

( )21

2
U kτ τ= Δφ (4)

where kr, kθ and kτ
 represent the bond stretching, bond
bending and torsional resistance force constants (stiffness-
es), respectively, while Δr, Δθ and Δφ are the corresponding
deviations from the equilibrium positions.

According to continuum mechanics, the corresponding
strain energies UA, UM and UT of a uniform structural beam
element of the length l under axial force N, pure bending
moment M and pure torsion T are respectively:

( )
2

2
0

1 1

2 2

l
A

N EA
U dL l

EA l
= = Δ∫ (5)

( )
2

2
0

1 1
2

2 2

l
M

M EI
U dL

EI l
= = α∫ (6)

( )
2

2
0

1 1

2 2

l
T

T GJ
U dL

GJ l
= = Δβ∫ (7)

where A, I and J are the cross-section area and the area mo-
ments of inertia about an axis and polar, respectively, Δl, α
and Δβ denotes the length variation, the rotational angle at
the ends of the beam and the relative rotation between the
ends of the beam, respectively. The Young modulus E and
the shear modulus G of the beam are the properties that need
to be determined.

By comparing Eqs (2)–(4) with Eqs (5)–(7), representing
the energies in two systems, the relationships between
structural and molecular mechanics parameters are ob-
tained:

, ,r
EA EI GJ

k k k
l l lθ τ= = = (8)

Assuming a circular cross-section of the beam with
diameter d and substituting A = πd2/4, I = πd4/64 and
J = πd4/32 in Eqs (8), the following beam parameters in
terms of the force field constants are derived:

22

2
4 , ,

4 8
rr

r

k k k lk l
d E G

k k k

θ τ

θ θ
= = =

π π
(9)

Knowing the force constants kr, kθ and kτ (e.g. from an
experiment), the bond diameter d and the elastic constants E
and G of all beam elements representing the covalent bonds
in the hexagonal lattice can be readily obtained. Using this
approach, an arbitrary carbon-related nanostructure can be
modeled and simulated.

�� ���������	�����������	���
��	��	�����

��������������

In order to compute the elastic properties, the RVE of the
CNT-reinforced composite is analyzed by the coupled
BEM/FEM. A portion of the considered composite with
wavy fibers (nanotubes in the present case) representing the
RVE, subjected to known displacements u and static trac-
tions t, is shown in Figure 1.

�������
����$<
��$ !��(�&
=,
(��=� 
 � ��'=�%

Because a two-dimensional problem is considered the  rein-
forcement is modeled in a plane. It can be however arbitrary
orientated in that plane. The matrix (Ω1) is modeled by the
BEM and its material can be in a plane stress or strain state.
Each beam (Ω2) in Figure 1, modeled by the finite elements,
is equivalent to a space-frame FEM model of a SWCNT.
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The material of the matrix and CNTs is linear elastic and
isotropic. For the BEM region, the mechanical fields satisfy
the boundary integral equation, which contains the domain
term related to the application of body forces b (Brebbia and
Dominguez 1992):

1

1 2

( ') ( ') ( ', ) ( ) ( )

( ', ) ( ) ( ) ( ', ) ( ) ( ) 

ij j ij j

ij j ij j

c x u x U x x t x d x

T x x u x d x U x X b X d X

Γ

Γ Ω

= Γ −

− Γ + Ω

∫

∫ ∫
(10)

where:
cij – a constant, which depends on the posi-

tion of a point,
Uij and Tij – fundamental solutions of elastostatics,
x, x' and X – coordinates of a boundary, collocation

and domain point, respectively. Repeat-
ed indices denote the summation con-
vention (i, j = 1, 2 for a two-dimensional
problem).

In order to model CNTs, additional lines inside the BEM
region and along the reinforcements (the Γ12 boundaries)
are introduced. When the RVE is subjected to boundary
tractions, the deformed particles act on the matrix along the
lines of attachment. In this case, the body forces are un-
known interaction forces between the matrix and the nano-
tubes. These forces are distributed along the interfaces Γ12

and they are treated as additional unknown tractions. Nu-
merical solution is obtained after discretization. The outer
boundary Γ1 is discretized into boundary elements and the
attachment lines into boundary and beam finite elements.
Thus, the total number of degrees of freedom is much small-
er than in methods requiring discretization of the whole
interior of the plate, e.g. the FEM. Generation of mesh for
new RVEs is much easier in the present method than in
other domain-based methods. The boundary integral equa-
tion is applied for all collocation points, which are nodes
along the outer boundary and the interfaces. A perfect
bonding between the matrix and the reinforcement at the
connected nodes is assumed. The BEM/FEM equations are
coupled by assuming conditions of compatibility of dis-
placements and equilibrium of forces between the matrix
and reinforcement.

The resulting BEM/FEM equations and other BEM for-
mulations for
 ��&��$ "
 � &
 � ��,%$%
 �!
 (����%$��%
 ���
���%� ��&
=,
8�&��$>%.$
et al. (2011). In one of numerical
examples, the authors successfully applied the method for
the prediction of the effective Young modulus of polymer/
clay nanocomposites with aligned straight nanoclay sheets.
The results show good accuracy and efficiency of the meth-
od in comparison with other approaches.

�� ���������� ��������

To demonstrate possible applications of the considered
methods in analysis of carbon-related nanostructures and

different composites with reinforcement of arbitrary
shapes, three numerical examples are presented. In the first,
a zigzag SWCNT is analyzed and the longitudinal Young
modulus is computed. In the second, a single wavy fibre
embedded in a matrix is studied, in order to investigate the
influence of the waviness on the effective reinforcement. In
the third, the properties of a CNT-reinforced composite are
computed by analyzing RVEs with multiple wavy nano-
tubes.

��������� �!"�#$!!"%�&$'() � $ )*+("

The method described in Section 2 is applied to determine
the bond properties of an arbitrary single-walled CNT, i.e
zigzag, armchair or chiral. The following force constants are
used (Tserpes and Papanikos 2005): kr = 938 kcal mole–1 Å–2,
kθ = 126 kcal mole–1 rad–2 and kτ = 40 kcal mole–1 rad–2.
Using these constants and the bond length l = 0.1421 nm
in Eqs (9), the following results are obtained: d = 0.147 nm,
E = 5490 GPa and G = 871 GPa (the same results are given
by Tserpes and Papanikos). The procedure provides a unique
value of the bond diameter and the wall thickness (d = t).

However, in order to examine different wall thickness of
a CNT, the bond’s properties will be recalculated. In this
paper the following wall thickness of a CNT is assumed:
t = 0.34 nm. This is a value used in majority of studies and
equals the interlayer spacing of graphene sheets in a gra-
phite. In this case, in order to satisfy the energy equivalence
between the molecular and structural approaches, Eqs (8)
are used instead of Eqs (9) to compute the elastic properties
E and G and the area moment of inertia I. Assuming
d = 0.34 nm, the material properties of the bonds for the
same values of force constants kr, kθ and kτ
are: E = 1020 GPa
and G = 162 GPa.

Having determined the bond’s properties, a single-
walled zigzag (13,0) carbon nanotube is modeled by the
FEM and the elastic properties are analyzed. The length of
the CNT is L = 50.136 nm, the mean diameter is D = 1.018 nm
and the wall thickness is t = 0.34 nm. A three-dimensional
frame FE model of the considered SWCNT is presented in
Figure 2. The bonds are modeled using three-dimensional
elastic beam elements (a 3D elastic BEAM4 in ANSYS sys-
tem). One beam element per bond is used.

�������8�
��&��
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�
%$ "��02����&
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��

Because the frame FE model will be further substitu-
ted with an equivalent one-dimensional beam FE model,
the required parameters of the latter are (for a two-dimen-
sional model of the RVE): the Young modulus ECNT, the
area moment of inertia ICNT and the area of the cross-sec-
tion ACNT. The latter parameter can be easily computed:
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ACNT = πDt = 1.087 nm2. The first two parameters are ob-
tained by performing two numerical tests, i.e. the uniaxial
tension test and the pure bending test, respectively, using
the frame model of the CNT in Figure 2. An illustration of
both tests is presented in Figure 3.
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In the first test, all nodes at one endpoint of the model are
fixed and the CNT is subjected to the axial strain 0.01C
(known axial displacements at second endpoint). The
Young modulus ECNT of the CNT is thus computed as

 

 CNT
CNT

N L
E

L A
=

Δ
(11)

where N is a total axial force (the sum of all reactions acting
at the nodes at one end of the CNT) and ΔL is an elongation
of the CNT. Putting the FEM results and the remaining data
into Eq. (11), the computed Young modulus of the CNT is
ECNT = 1030 GPa. The value is consistent with the common-
ly accepted value of the in-plane modulus of a graphite.
Chang and Gao (2003) have presented an analytical model
based on molecular mechanics to predict the properties of
CNTs. Using the closed-form expressions derived by the
authors, a similar result for the same parameters of CNT is
obtained (1044 GPa).

In the second test, all nodes at one endpoint of the model
are fixed and the known rotational angle 2α is applied at
nodes at second endpoint (α = 0.001 rad). The area moment
of inertia ICNT is thus computed as

 

2  CNT
CNT

M L
I

E
=

α
(12)

where M is a total bending moment (the sum of all reactions
acting at the nodes at one end of the CNT). Putting the FEM
results and the remaining data into Eq. (12), the computed
area moment of inertia is ICNT  = 0.1226 nm4. Using the
formula for a cylindrical cross-section I = π/64[ (D+t)4 –
(D–t)4 ], the area moment of inertia is I = 0.1566 nm4. Be-
cause the difference between the FEM prediction and the
value obtained by the above formula is small, the area mo-
ment of inertia can be computed using standard analytical
formula for the continuum cross-section. However, the
value obtained numerically will be used in the subsequent
section of the paper.
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A square plate with a single straight fibre of length L is
subjected to the uniform parallel loading t1 or to the perpen-

dicular loading t2, as shown in Figure 4a. The cross-section
of the fibre is a solid circle of unit diameter D. The length L
and the dimensions of the plate are respectively fifty and
sixty times larger than the diameter D. The volume fraction
of the fibre in the matrix is 1C. The material of the matrix
is in plane stress with Poisson’s ratio νm = 0.3 and the
unit Young modulus Em. The ratio of the phase moduli is
Ef /Em = 1000, where Ef is the Young modulus of the fibre
(the order of the ratio is typical for NRPs). The outer boun-
dary of the matrix is divided into 80 boundary elements
and the fibre into 20 boundary and 40 finite elements. The
BE/FE discretization is shown in Figure 4b.
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In order to investigate the fibre’s curvature on the results,
three shapes shown in Figure 5 are considered: two with the
whole wavelength L of a sinus function but different phases
(called the ‘sine’ and the ‘cosine’, respectively) and one
with the half wavelength L (called the ‘half sine’). The pa-
rameters defining the shape of the fibre are: the waviness
ratio w = a/L and the wavelength ratio L/D, where a is an
amplitude of a sinus function. During the waviness in-
crease, the position of the dashed line in Figure 5, along
which the fibre is orientated, is not changed and it runs
across the middle of the square plate. Notice that the total
‘height’ of the first two wavy shapes is two times the ampli-
tude a in comparison with the third shape.
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Four homogenized elastic constants of the considered
inhomogeneous material are analyzed by performing two
independent tension tests. The following equations are used
in order to compute the constants:
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σ ε
= ν = −
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where:
E11 and E22 – the longitudinal and trans-

verse Young modulus,
respectively,

ν12 and ν21 – the major and minor Pois-
son’s ratios,

andii iiε σ  (i = 1 or 2) – the components of the
averaged strain and stress,
which are obtained on the
basis of computed displa-
cements ui and the applied
tractions ti, respectively.

The normalized longitudinal (E11/Em) and transverse
(E22/Em) Young modulus is presented in Figure 6a and 6b,
respectively. For the ‘sine’ and the ‘cosine’ shape and
w < 0.3, a significant influence of the waviness on the E11/Em
is observed. For w > 0.3 the ratio approaches the modulus for
the pure matrix. This indicates a considerable reduction of
the reinforcing efficiency along the x1 axis which is about

28C in comparison with a straight fiber (w = 0). The reduc-
tion is less for the ‘half sine’ shape but it is attributed to the
smaller total ‘height’ of the fiber. The opposite tendency is
observed for the E22/Em ratio where the increasing waviness
stiffen the material along the x2 axis. The highest increase is
about 60C for the ‘cosine’ shape in comparison with
a straight fiber and it is insignificant for the ’half sine’ shape.

The major and minor Poisson’s ratios are presented in
Figure 7a and 7b, respectively. In both cases, a considerable
influence of the waviness on the ratios is observed. Gener-
ally, similar responses for the ‘sine’ and the ‘cosine’ shape
are obtained. The major Poisson’s ratio increases for the
smaller waviness and then it starts to decrease for all three
shapes. The minor Poisson’s ratio increases for the whole
range of the considered waviness.

The dependence of the normalized longitudinal Young
modulus E11/Em on the ratio of the phase moduli Ef /Em for
different shapes and waviness is presented in Figure 8. The
nonlinear dependence is observed especially for smaller
values of the Ef /Em ratio. Generally, the higher the Ef /Em

ratio, the smaller change of the E11/Em for the considered
waviness and shape. The E11/Em ratio is higher for the ‘half
sine’ fiber than for two other shapes but the highest ratio is
for a straight fiber (w = 0).
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Square RVE of the carbon nanotube-reinforced polymer
(NRP) is subjected to the uniform parallel loading t1 or to
the perpendicular loading t2, similar as in the previous
example. Each zigzag single-walled (13,0) CNT embedded
in the RVE is modeled as a hollow tube by beam finite ele-
ments. In order to take into account the specific discrete
nature of the CNT, the bond properties of the SWCNT and
its Young modulus are computed as shown in Example 4.1.
Then, the FEM frame model is substituted with an equiva-
lent one-dimensional beam in the analysis of composite’s
properties by using the RVE concept. Thus, the values for
the equivalent beam are (see Example 4.1): D = 1.018 nm,
t = 0.34 nm, ACNT = 1.087 nm2, ICNT = 0.1226 nm4. The side
length of the RVE is 329 nm to preserve the same volume
fraction of the reinforcement in a matrix (1C) as in the pre-
vious example. The material of the polymer matrix is in
plane stress with Poisson’s ratio νm = 0.3 and the Young
modulus Em. The ratio of the phase moduli is ECNT /Em = 539,
where ECNT  = 1030 GPa is the Young modulus of the CNT.

The same shapes as in the previous example are consid-
ered, i.e. the ‘sine’, the ‘cosine’, the ‘half sine’ and addi-
tionally an arbitrary shape modelled by the NURBS curve.
All considered shapes and exemplary RVEs including 30
wavy CNTs are presented in Figure 9.

The parameters defining the shapes are: the waviness ra-
tio w = a/L and the wavelength ratio L/D, where L = 50 nm
is the wavelength L for the corresponding first three shapes
(compare Fig. 5) or it is a distance L in the x1-axis direction
between the endpoints of the ’nurbs’ shape. The latter shape
is modeled by four control points. The randomly generated
coordinate of each control point in the x2-axis direction is
such that w ≤ wo is satisfied for that point, where wo is
a considered waviness which changes from 0 to 0.3.

The CNTs cannot intersect themselves and the outer
boundary of the RVE. The minimal distance between the
CNTs and also between them and the outer boundary is
assumed. For each waviness and shape ten RVEs with ran-
dom distributions of CNTs are analyzed and then the results
are averaged. The outer boundary of the RVE is divided into
80 boundary elements and each CNT into 8 boundary and
16 finite elements in the coupled BEM/FEM analysis. The
same four elastic constants are analyzed as in the previous
example. The influence of the volume fraction fCNT of CNTs
on the longitudinal Young modulus E11 is also studied.

The normalized longitudinal (E11/Em) and transverse
(E22/Em) Young modulus is presented in Figure 10a and
10b, respectively. For the ‘sine’ and the ‘cosine’ shape
a significant decrease of the E11/Em is observed and the
responses are similar. For the ‘half sine’ and the ‘nurbs’
shape the decrease of the longitudinal modulus is about
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14C in comparison with straight CNTs (w = 0). The trans-
verse modulus ratio slightly increases for the ‘sine’ and the
‘cosine’ shape and it is not sensitive for the two remaining
shapes. Similar results are obtained in the present case in
comparison with a single fiber from the previous example in
the considered range of the waviness (w ≤ 0.3).

The major and minor Poisson’s ratios are presented in
Figure 11a and 11b, respectively. In both cases, a consider-
able influence of the waviness on the ratios is observed.
Generally, as in prediction of the Young’s moduli, the
responses for the corresponding shapes (the ‘sine’ and
‘cosine’ or the ‘half sine’ and ‘nurbs’) are similar. Addition-

ally, the results are similar to predictions for a single fiber
for the considered range of the waviness.

The longitudinal Young modulus E11 for different vo-
lume fractions of nanotubes and for the considered shapes is
presented in Figure 12. The largest stiffness of the compo-
site is for the case with straight nanotubes. For the volume
fraction of the reinforcement equal 5C, the maximum and
minimum increase of the E11 in comparison with the pure
matrix is about 80C and 47C, respectively for the straight
and the sine-shaped nanotubes. It shows that the shape of
nanotubes significantly influences the modulus, especially
for higher volume fractions.



211

��������	
���
������
����
 ��
 ���
 �
 ����

1� �	������	��

In the paper, the continuum methods are used to predict the
elastic modulus of carbon nanotubes (CNTs) and the elastic
properties of CNT-reinforced composites. The finite ele-
ment method (FEM) is used to analyze three-dimensional
model of a zigzag single-walled CNT (SWCNT) and to
determine the elastic Young modulus. In order to model
the reinforcement in the representative volume elements
(RVEs) of the material, the FEM space-frame structure is
substituted by an equivalent one-dimensional beam. A sin-
gle and multiple straight or wavy nanotubes in a matrix are
considered as the RVEs. The coupled boundary and finite
element method (BEM/FEM) is used to analyze the nano-
composite. The influence of the shape, waviness, volume
fraction and the ratio of CNT/matrix Young’s modulus on
the elastic properties of the composite are studied.

A linkage between molecular and continuum mechanics
is used in order to replace a discrete molecular structure of
a CNT with a continuum FEM space-frame model. The
FEM model is subjected to small elastic deformations.
The method can be applied to analyze SWCNTs of diffe-
rent chirality. The calculated Young modulus of a zigzag
SWCNT is 1030 GPa and it is very close to the commonly
accepted value of the Young’s modulus of a graphite (about
1000 GPa). It is also close to other predictions found in the
literature and obtained by applying different methods and
models (e.g. analytical expressions or molecular dynamics
simulations).

The numerical examples show that the increase of the
waviness of a single fiber reduces the longitudinal and
increases the transverse Young modulus in comparison with
a straight fiber. A significant influence of the waviness on
the Poisson’s ratios is also observed. Different curvatures of
multiple CNTs in RVEs were investigated. Generally, simi-
lar results are obtained for the case with multiple CNTs and
the corresponding shapes in comparison with a single fiber
(for the same volume fraction of a filler, similar material
properties and different cross-sections, i.e. solid or hollow).
It suggests that the unit cell of the considered materials can
be used to analyze the properties instead of more involved
RVEs. The results show that the waviness and shape are
important mechanisms influencing the reinforcing efficien-
cy in CNT-based composites.

The main advantage of the present method is a possibili-
ty of modeling of composites with different types, shapes
and orientation of reinforcement. By using the equivalent-
beam concept to model the reinforcement in the RVE, one
can easily consider different fibers, e.g. nanotubes, nano-
rods, platelets or other, by changing cross-section parame-
ters of beams. The advantage of the concept, based on
a linkage between molecular and continuum mechanics, is
its simplicity and the computational efficiency. The shape
of the reinforcement, i.e. straight or wavy, can be easily
modeled by changing the shape of a one-dimensional line

along the attachment. The total number of degrees of free-
dom is significantly reduced in comparison with the FEM,
because the outer boundary of the RVE and the lines along
CNTs are only discretized. Another important advantage is
a natural modeling the effect of the straightening of wavy
CNTs due to the applied load to the RVE.

Because a two-dimensional problem is considered, the
present formulation is limited to composites with parallel
orientation of the reinforcement (modeled in a plane). The
formulation neglects an interaction between a matrix and
the reinforcement, which has an atomistic nature, and the
perfect bonding is assumed. Another simplification is that
the molecular structure of nanotubes is not taken into
account directly in the RVE. Instead, the equivalent-beam
concept to model the reinforcement is used. Despite of
above limitations, the formulation gives a useful informa-
tion about a behavior of nanocomposites reinforced by
wavy CNTs, which would be difficult to obtain using for
instance only atomistic simulations. The presented prelimi-
nary results show possible applications of the method in
analysis of elastic properties of composites with wavy rein-
forcements. The formulation may be further developed in
order to take into account all important physical aspects
during the modeling of nanomaterials. This can be a subject
of ongoing research and may include for instance modeling
of reinforcements of arbitrary shapes, orientation and dif-
ferent lengths in a single RVE, interaction effects between
matrix and CNTs, multiscale modeling, etc.
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