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1. INTRODUCTION

In this paper we study the following discrete boundary-value problem
—A(gp(Aulk — 1)) + qedp(u(k)) = Af (k,u(k)) + pg(k,u(k)), k€ [1,T], (1.1)
u(0) =u(T +1) =0, '

where T is a fixed positive integer, [1,7] is the discrete interval {1,...,T},
fy9:[1,T] x R — R are two continuous functions, A > 0, p > 0 are two parame-
ters, Au(k) = u(k + 1) — u(k) is the forward difference operator and g € R for all
k €[0,T] and ¢,(s) = |s[P72s, 1 < p < +o0.

The theory of nonlinear difference equations has been widely used to study dis-
crete models in many fields such as computer science, economics, neural network,
ecology, cybernetics, etc. In recent years, a great deal of work has been done in
the study of the existence and multiplicity of solutions for discrete boundary value
problems, by using classical methods such as fixed point theorems lower and upper
solution methods, critical point theory, variational methods, Morse theory and the
mountain-pass theorem. For background and recent results, we refer the reader to
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[1-4,6,8-12,14, 15,17, 18, 20, 25-29] and the references therein. For instance, Can-
dito and Giovannelli in [11], employing three critical point theorem established the
existence of at least three solutions for the following problem

{—A(%(Au(k — 1) = M (ku(k), ke [LT), 12

u(0) =u(T +1)=0,

where T is a fixed positive integer, [1,7] is the discrete interval {1,...,T},
f:[1,T] x R — R is a continuous function, A > 0 and 1 < p < +00. Bonanno and
Candito in [6], based on critical point theorems in the setting of finite dimensional
Banach spaces, studied the multiplicity of solutions for the nonlinear difference equa-
tions (1.2), while the same authors in [4], using critical point theory investigated the
existence of infinitely many solutions for the discrete non-linear Dirichlet problem
(1.1) when p = 0, under appropriate oscillating behaviours of the non-linear term.
In [9], based on three critical points theorems, the authors investigated different sets
of assumptions which guarantee the existence and multiplicity of solutions for a non-
linear Neumann boundary value problem, while in [10] using critical point theory,
they also studied the existence of at least three solutions for a perturbed nonlinear
Dirichlet boundary value problem for difference equations depending on two positive
parameters.

In the present paper, motivated by the above papers, using two kinds of three
critical point theorems obtained by Bonanno and Candito in [5], and Bonanno and
Marano in [7] (see Theorems 2.1 and 2.2 below) we are interested to ensure the
existence of at least three solutions for the problem (1.1); see Theorems 3.1 and 3.2.
We point out that in Theorems 3.1 and 3.2, precise estimates of parameters A and pu
are given.

A special case of Theorem 3.1 is the following theorem in which we have no sym-
metric assumption on f.

Theorem 1.1. Let f : R — R be a non-negative continuous function. Put F(t) :=
fot FE)dE for each t € R. Assume that

lim inf @ = lim sup @

=0.
§—0 fp £—+4o00 &p

Then, for each continuous function g : [1,T] x R — R satisfying the asymptotical

condition .
lim sup 7216:1 Gk, ¢)

< 00,
€] =400 €[

there exists 6 > 0 such that, for each p € [0,0), the problem

{— (dp(Au(k — 1))

) = f(u(k)) + pg(k,u(k)), kelL,T],
u(0) =u(T +1) =0,

admits at least three solutions.
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It is worth to mention that Galewski and Glab in [13], using critical point theory,
studied the following anisotropic (unperturbed) problem

—A(|Au(k — 1)[PE=D=2Au(k — 1)) = Afr(u(k)), ke [1,T], (13)

u(0)=u(T+1)=0. '

In fact, firstly they applied the direct method of the calculus of variations and the
mountain pass technique in order to reach the existence of at least one non-trivial
solution. Secondly they derived some version of a discrete three critical point theorem
which they applied in order to get the existence of at least two non-trivial solutions.
In particular, Molica Bisci and Repovs in [22], using related variational arguments
employed in the present paper, studied the problem (1.3), and substantially improved
the results obtained by Bonanno and Candito in [4].
For a through review of the subject, we also refer the reader to [19,21,23].

2. PRELIMINARIES

Our main tools are the following three critical point theorems. In the first one the
coercivity of the functional ® — AV is required, in the second one a suitable sign
hypothesis is assumed.

Theorem 2.1 (|7, Theorem 2.6]). Let X be a reflexive real Banach space, ® : X — R
be a coercive continuously Gateauz differentiable and sequentially weakly lower semi-
continuous functional whose Gateaur derivative admits a continuous inverse on X*,
U : X — R be a continuously Gateauz differentiable functional whose Gdteaux deriva-
tive is compact such that ®(0) = ¥(0) = 0. Assume that there exists T >0 and v € X,
with r < ®(v) such that

(a1) supq><u>rsr U(u) < \ig;,

(a2) for each X\ € A, := (igg , m) the functional ® — AV is coercive.

Then, for each A € A, the functional ® — AV has at least three distinct critical points
mn X.

Theorem 2.2 (|5, Theorem 3.3]). Let X be a reflexive real Banach space, ® : X — R
be a convex, coercive and continuously Gdteaux differentiable functional whose deriva-
tive admits a continuous inverse on X*, ¥ : X — R be a continuously Gateaux
differentiable functional whose derivative is compact, such that:

1. infy ® = ®(0) = ¥(0) =0,

2. for each X\ > 0 and for every ui,us € X which are local minima for the functional
O — AV and such that ¥(uy) > 0 and U(uz) > 0, one has

inf W 1- > 0.
561%71] (sur + (1 —s)uz) >0
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Assume that there are two positive constants r1,ro and v € X, with 2r; < ®(v) < 22,
such that:

SUP, e —1((—o0,r1)) () 2 U(v
(by) e < 230,

SUP,cp—1((—o0,ry)) U (u) 1Y (v
(b2) s o . < g@é@;'

Then, for each

AE 32(v) min n ki
2 \I}(@)’ supuecpfl(],oom[) \I/(’U,)’ Supueq,fl((,oo”)) \IJ(U) ’

the functional ® — AU has at least three distinct critical points which lie in
=1 ((—00,12)).

For an overview on three critical point theorems we refer to [24].

For the reader’s convenience we state the following consequence of the strong
comparison principle [3, Lemma 2.3| (see also [4, Theorem 2.2| which we will use in
the sequel in order to obtain positive solutions to the problem (1.1), i.e. u(k) > 0 for
each k € [1,T].

Lemma 2.3. Let

—A(¢p(Aulk = 1)) + arp(u(k)) 2 0, k€ [1,T],
w(0) >0, w(k+1) > 0.

Then either u is positive or u = 0.

In order to give the variational formulation of the problem (1.1), on a
T-dimensional Banach space

Wi={u:[0,T+1] = R:u(0) =u(T +1) =0},

equipped with the norm

T+1 1/p
Jull == {Z |Au(k —1)[P + kuU(k)l”} ;

k=1

we set

M’ﬂ

B(u) = 'ﬂ'p and U(u ( “G(k ulk ))) (2.1)

k=1
for every u € W, where F(k,t) := fo f(k,&)d¢ and G(k,t) fo (k,€)d¢ for every
(k,t) € [1,T] x R. An easy computation ensures that <I> and \Il turn out to be of class
C' on W with

T+1

®'(u)(v) = Y [dp(Dulk — 1) Av(k — 1) + glu(k) " u(k)v(k)]

k=1

T
== [A@p(Aulk = 1)o(k) — grlu(k) P~ u(k)v (k)]
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and
T

V() ) = Y [ £k ulk) + Lotk ulk))] o(k)

k=1

for all u,v € W. It is clear that the critical points of ® — AW are exactly the solutions
of the problem (1.1).
In the sequel, we will use the following inequality

max_|u(k)| <

(T + 1)P=1/p
_ 2.2
o Sl (22)

for every w € W. It immediately follows, for instance, from Lemma 2.2 of [16].

3. MAIN RESULTS

For our convenience, set

T T

Ge = ‘I?liXG(kJ,E) forallc >0 and Gq:=» G(k,d) foralld> 0.
k=11"1=¢ k=1

In order to introduce our first result, fix ¢,d > 0 such that

(2+ Y a)d” _ (2c)?
Yiet F(k,d) (T + 1P~ 30 maxjg< F(k, €)
and pick
N A ((2 + St a) (2¢)7 ) |
P iy F(k,d) " p(T + 1)p=1 S0 maxjg <. F(k,€)

Moreover, put

Oy , := min (20)" = (T +1)7* Zgzl maX|e|<c F(k,§)
o p(T + ]_)P*ch )

(3.1)
| (24 X5y a)d” = ApSoi, F(k, d) |
pmin{0, G4}
and
_ , 1
dx,g :=min< 6y 4, (3.2)

max {0, 17(T2+p7£)1p—1 lim SUD|¢| s 400

€7

where we read % := +o00 whenever this case occurs.
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Theorem 3.1. Assume that there exist two positive constants ¢ and d with

2% < d(2+§:qk)

k=1

D=

(T+1)%

such that:

>y max (e <o F(k8) 2 i Flk,d)
(AL) == S TS 7

- Shoy F(kg) _ 3E_, maxie <o F(k€)
(AQ) hmsupm_,_,_oo k |1€|p < =1 2\C£p\§ .

Then, for any A € A and for every continuous function g : [1,T] x R = R such that

T
(A2) limsuplgl_H_wW < +o0,

there exits 5 4 > 0 given by (3.2) such that, for each pu € (0,68.4), the problem (1.1)
has at least three solutions.

Proof. Our aim is to apply Theorem 2.1 to our problem. To this end, take X = W,

® and VU as given in (2.1). Put r = p(T(_Q‘_% and
[ d, kell,T7,
o(k) = { 0, otherwise. (3.3)

Clearly v € W and ®(v) = %(2 + 300, ). Since 2¢ < d(2+ Y1, ar)? (T + 1)"%f7
we get r < ®(7). Taking (2.2) into account, we obtain

T P
Py et (oo U0 _ SWPcpryh Zokmt [F (R ulk) + £ Gk u(k)]
r B (20)?
p(T+1)p~1
< ey maxjej<e [F(k,€) + 4G(k, €)]
- 2c)P
P

Y maxg <. F(k,€) B Ge
- (2¢)P Y (2¢)P
p(T+1)P—1 p(T+1)p~1

From this, if G¢ = 0, clearly we get

SUPyed—1((—o0,r]) Ulu) 1
<=, 3.4
r A (3.4)
while, if G¢ > 0, it turns out to be true bearing in mind that x4 < dy 4. Moreover, one
has

5) Zf:l [F(kvd) + %G(lﬁd)}
2(0) POy g
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and if G4 < 0, ‘I'Evg > 1 again holds since y < 85 4. Thus, from (3.4) and (3.5), (a1)
of Theorem 2.1 follows. Now, we prove the coercivity of the functional ® — AW. First,

we assume that

T
F(k
lim sup M > 0.
|€| =00 1€[P
Therefore, fix
T T
hm sup M <e< Zk=1 maX|5|SC F(k7 5)
|&|—-+o0 (3 2cP ’

from (A2) there is a positive constant h. such that

T
ZFk:§ <elgP +he foreach &eR.
k=1

(20)®

TP 15T maxjg <o F(kE) it follows that

Taking (2.2) into account and since A <

T
A F(k,u(k)) < Aelu(k)|P + Ahe < e [|ue]|P
kzzl ng:l max\f\ﬁcF(k’g) (36)
o (20"
p(T +1)P=2 S0 maxg <. F(k, &)

cP

for each u € X. Moreover, taking y < J, , into account, it follows that

T p—1
lim sup 2= Gk €) 2 o
€] =400 13k pp(T + 1)P~

then, for some constant 7, > 0 and for every £ € R, one has

p—1
L jep
ZGkg (T+1)P -1 + 7.
Hence, by using again (2.2) for each u € X, we get
2v—1 [[ul|”

u
- - p < . .
E G(k,u(k (T T 1) Tu(E)P + 7, < oo + 7, (3.7)

Therefore, from (3.6) and (3.7) we have

1(1 c?
¥ - = - ul?
R G e

(2c)P
— he T — UTy.
p(T+1)P=1 57 maxjg<. F'(k,§)
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On the other hand, if
T
2 k=1 F'(k,€)

lim sup =*=——"= <0,
€] =400 1€

there exists h. such that Zle F(k,&) < he for all £ € R, and arguing as before we
obtain

(2¢)P
Tp(T +1)p=1 Y0 maxyg <, F(k,€)

1
D(u) — AU (u) > 2—Hu||p —h — Ty,
p

Both cases lead to the coercivity of ® — AW. Thus, (az) holds. By using relations (3.4)

and (3.5) one also has
o (7) r
Ae —, .
(‘II(U) SUP@(u)gr \Il<u)>

Finally, Theorem 2.1 ensures the conclusion. O

Now, we present a variant of Theorem 3.1 in which no asymptotic condition on
the nonlinear term is requested.
For our goal, let us fix positive constants ¢y, co and d such that

§dp(2+§:£:1 qr) < 2P in{ b
2 S Fka) (TP et maxe <, F(k,€)
o)
237y maxy|<c, F(k,€) )

and taking

P T
S L

2 Y Fk,d)

)

2" min{ o % }
p(T + 1)p—1 Sh_ maxjgj<e, F(k,€) 250 maxjej<o, F(k,€)) )

Theorem 3.2. Assume that there exist three positive constants c1, co, d with

T 1 p—1
P T 1 P
2%01 < d(2 + E Qk) (L) < Co

k=1 2
such that:
(B1) f(k,t) >0 for every (k,t) € [1,T] x [0, ¢2),
(B2)

2 Shoy F(k,d)

ey MaXjej<e, F(R,E) 2
B(T+ 112+ Yhm @) &

A

<
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(B3)
T
2 k=1 MaX|¢<c, F(F €) < 1 2v ZZ:I F(k,d).
¢ B(T+1)P 12+ iy k) v
Then, for each A € A’ and for every continuous function g : [1,T] x R — R such that
is nonnegative in [1,T] x [0, c2), there exists 63 , > 0 given by

min (2¢1)? — Ap(T + 1P~ 1 Y20 max(e <., F(k,€)
p(T + 1)p-1Gr ’

(2¢2)? — 22p(T + 1)~ S/ maxje|<c, F(k,€)
2p(T + 1)P—1Ge '

such that, for each p € [0,5:{)9), the problem (1.1) admits at least three solutions w;
fori=1,2,3, such that

0 <wu(k) <cg, foreach ke[l,T], (i=1,2,3).

Proof. Fix A, g and p as in the conclusion and take ® and ¥ as in the proof of
Theorem 3.1. We observe that the regularity assumptions of Theorem 2.2 on ® and

¥ are satisfied. Then, our aim is to verify (by) and (bs).
(2c1)?
p(T+1)P~!

(2¢2)"

andT’QZW.

To this end, put T as given in (3.3), as well as r; =
By using condition

T 1 p—1
P T 1 P
2%61 < d<2 + E qk> (T—F) < ca,
k=1

and bearing in mind that ®(7) = %( + Z{:l qr), we get 2r; < ®(v) < 2.
Since p < 5f\7g and G4 > 0, one has

SUPyed—1((—oc,r1)) \Il(u) _ SUPyed—1((—oc0,r1)) ZZ:l(F(k’u(k)) + %G(k’u(k)))

71 T1
T c
< D k—1 MaX(g|<e, F(k,§) + 5G4
- (QCl)p
p(T+1)P~1

1 24y Flh,d) + 5Ga 29(0)

A3 LRy g) 300

and
T
25UPyed—1((—o0,r2)) V(u) _ 25UPyed—1((—o0,ra)) > ke (F(kyu(k)) + %G(ka u(k)))
T2 )
< 2 2521 maX‘g‘Scz F(If, 5) + 2%G02
- (262)”
p(T+1)P—1

L 235 F(k,d) + 4Gy _29()
A3 %(2+ZZ:1 a) 3 ®(v)
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Therefore, (by) and (b2) of Theorem 2.2 are verified. Finally, we verify that ® — AU
satisfies the assumption 2 of Theorem 2.2. Let u; and us be two local minima for
® — \U. Then u; and us are critical points for ® — AW, and so, they are solutions
for problem (1.1). Then, since ® is convex, by Lemma 2.3, we deduce u; and uy are
positive. Thus, it follows that su; 4+ (1 — s)ug > 0 for all s € [0, 1], and that

(Af + g) (k, suy + (1 — s)uz) = 0,

and consequently, U(su; + (1 — s)ug) > 0, for every s € [0, 1].
By using Theorem 2.2, for every

A€ §¢)@7 min n ; r2/2 )
2V(v) SUPyed—1((—oo0,r1)) C(U) SUPyca—1((—o0,ry)) V(W)

the functional ® — AV has at least three critical points which are the solutions of the
problem (1.1) and the desired conclusion is achieved. O

As a special case of problem (1.1), we consider the following problem

—A(gp(Aulk — 1)) + ardp(u(k)) = A (k)ha(u(k)) + pg(k,u(k)), k€ [1,T],
uw0)=u(T+1)=0

(3.8)
where h; : [1,7T] — R is continuous and hs € C(R,R). Put
t
Hy(t) = /hg(g)dé“ for all t € R.
0
Note that
T
max F'(k,£) = max H hi(k) for ¢ > 0,
3 PO = o Ha©) 3 1)
Theorems 3.1 and 3.2 take the following simple forms, respectively.
Fix ¢,d > 0 such that

2+ 51 a)d (20"

Hy(d) Yy ha(k) (T + 1)~  maxiei<e Ha(6) Xy ha ()
and pick

Nef e (2T ad (2¢)7
pHa(d) 35—y ha(k) " p(T + 1)P~  max g <. Ha(€) Yy ha(k)
Moreover, put
84 . := min { (2¢)? = Ap(T + 1)P~" max¢ <. Ha(€) Zle hy (k)
g " T 1)p—1Ge ’
p(T'+1) (3.9)

’ (2+ S h_ ai)d® — ApHa(d) Sp_ by (k) ‘}
pmin{0, G4}
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and

1

- . ,
max {0, PEU limsupye o, Zigp ™}

2p—1 |P

Y2 — i /
0'\,g ==min q dy .,

(3.10)

where we read % := +o00 whenever this case occurs.

Theorem 3.3. Assume that there exist two positive constants ¢ and d with 2¢ <
—1
d(2+ Zle Qk)%(T + 1)10T such that

maxie| <o H2(€) SF_, ha(k) 2P Ha(d) Yoy ha(k)
(A4) sz cP k=1 < (T+1)P—1(2+Ef=1 Qk) 2 dkp ! 9
T . Hy(c) T ha(k
(A5) (Zkzl hl(k)) hmsup‘g‘_)_i_oo ITgl(f) < 2( )Z2§;1 1( )

Then, for any X € A and for every continuous function g : [1, T] xR — R satisfying
(A3), there exits ¢'x 4 > 0 given by (3.10) such that, for each p € (0,0"5 4), problem
(3.8) has at least three solutions.

Let hq : [1,T] — R be a nonnegative continuous function and hy € C(R,R). Fix
positive constants ¢1, c2 and d such that hy is nonnegative in [0, ¢p) and

3R+ a) 2 i SR
2 Hg(d) (T + 1)1771 maxmgcl HQ(&)) 2max‘§‘§62 Hg(g) ’
and taking

e T <3 L2435 ar)
S \2H(d) S ha(k)
o &

p(T + 1)P—1 min { max|¢|<¢, Ha(€) 25:1 hi(k)

)

s O L))

Theorem 3.4. Assume that there exist three positive constants ci, co and d with

T 1 p—1
v /T 1 P
2%01 < d(2 + E qk) (i) < Cy

2
k=1
such that
(B4)
max|e¢|<ey H2(§) < 2 2P Hg(d)
o ST+ 2+ o) &
(B5)

9 Hy(d)

maxXje|<c, H2(§) 1
BT+ 2+ Y a)

c

<




758 Shapour Heidarkhani and Mohsen Khaleghi Moghadam

Then, for each A\ € A’ and for every continuous function g : [1,T] x R — R such that
it is nonnegative in [1,T] x [0, cq), there exists 0% 4 > 0 given by

, { (2¢1)P — Ap(T + 1)~  maxe|<., Ha(€) S p_; 7 (k)
min p(T n I)P—chl ,
(2¢2)? — 22p(T + 1)~ maxe|<q, Ha(€) S p_; hu (k)
2p(T + 1)P—1Ge2 '

such that, for each p € [0,8%) 4), the problem (3.8) admits at least three solutions u;
fori=1,2,3, such that

0<wi(k)<cy foral kell,T], (i=1,2,3).

Now, we present two examples to illustrate the results of Theorems 3.3 and 3.4.

Example 3.5. Choose ¢ = d=31,p=4,T=10, Z;‘::l qr = 2 and

1
7500
1

hi(k) =1, ha(€) = £*(5 - 6¢), 968 = Erha e

for all k € [1,10] and £ € R. Therefore, since in this case,

H. 2 Hy(d H.
2(9) _ 40001, - 29 _ 4.0007 and lim sup 728 —
e T+ 12+ q) @ jelotoo €7

we see that all assumptions of Theorem 3.3 are satisfied, and hence Theorem 3.3

0 107 1°(5-2.2))

follows that for any A\ € (0.4,2.2) and p € (0, o535 ), the following problem

—AGs(Aulk — 1)) + guda(u(k)) = Nu(k)*(5 - 6u(k) + j e
k € [1,10],
u(0) =u(11) =0,
has at least three solutions.

Example 3.6. The following problem

sinh u(k))® cosh u(k u
—A%u(k = 1) + qu(k) = A2 In(Ah) Bl conu®) 4 etk e [1,10],
u(0) = u(11) =0,

has at least three positive solutions with ||u||s < 20, for any A € (46, 94) and for each

u € (0, %). Indeed, it is enough to apply Theorem 3.4 by choosing

T
1
(=55 =20, d=1, T=10, p=2 ’;qkzlél
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and

1 /k+1 4 (sinh €)® cosh &
hy(k) = —In (202, py(e) = 2N8IS) COSUS o q g(k, €) = kef
(k) = g5 (55=) ha(®) = =S g(k. <)
for all £ € [1,10] and ¢ € R, taking into account that in this case, % = 0.002,
-1
Hale2) — 0,004 and
2

9 Hy(d)

1
= = = = 0.008.
3T+ 243 ) @

Finally, we prove Theorem 1.1 given in Introduction.

Proof of Theorem 1.1. From the condition
F(§)

liminf —* =0,
£—0 p

there is a sequence {c,} C (0,+00) such that lim,_,, ¢, = 0 and

maxe|<c, £(¢)

L
Indeed, one has
A O L
T A N

where F'(&.,) = max¢|<., F(§). Hence, there exists ¢ > 0 such that

maxX|e¢|<e F(€) < mi 2P F(d) 9P
———— < min ; —
e (T+ 1P 12+ q) @ pAT(T+ 1
and ¢ < d. The conclusion follows by using Theorem 3.1. O
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