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Abstract. New explicit stability results are obtained for the following scalar linear difference
equation

z(n+1) —z(n) = —a(n)z(n) + Z A(n, k)z(k) + f(n)

and for some nonlinear Volterra difference equations.
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1. INTRODUCTION

We consider a Volterra difference equation of the following form

z(n+1) —x(n) = —a(n)z(n) + ZA(n, k)x(k)+ f(n), n>1, (1.1)
k=1

where a, f: N — Rand A: NxN — R with A(n,i) = 0 for all n < i are given functions,
and z: N — R is an unknown sequence. This equation can be easily transformed into
the more familiar form

w(n+1) = bn)a(n) + S A(n, K)a(k) + f(n) (1.2)
k=1
by the substitution a(n) = 1 — b(n).
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Notice that Volterra difference equations appeared as a discretization of Volterra in-
tegral and integro-differential equations. In particular, equation (1.1) is a discretization
of the integro-differential equation

() = — /Ats s)ds + f(t),

x(t) = /Ats (s)ds + f(¢)

gives a Volterra difference equation (1.2).

Discrete Volterra equations also often occur during the mathematical modelling of
some real life situations. Therefore, the qualitative theory of these types of equations
is developed by many authors. For example, the boundedness of solutions of discrete
Volterra equations was studied in [2,5,10] or [13]-[18], the periodicity was investigated
in papers [6,8,15,18]. A survey of the fundamental results on the stability of linear
Volterra difference equations, of both convolution and non—convolution type, can be
found in [7], see also [3,4,11,12,17] or [19]. In [3] and [4] the authors study the
exponential stability of equation

(n+1)=> An (1.3)
k=1
In particular, they obtained the following sufficient condition for the exponential
stability of (1.3)

supZ|An )y <y
">1k 1
for some 0 < v < 1. The aim of this paper is to present new explicit boundedness and
stability results for equations (1.1) and (1.2), and also for some nonlinear Volterra
difference equations.
For the sake of convenience, throughout this paper, we use the convention
Zf q(j) :==0 and Hf q(j) :=1, whenever j > k.

2. PRELIMINARIES

Together with equation (1.1) we will also consider the following simple equation
2(n+1) - 2(n) = —a(m)z(n) + f(n), n>1, (2.1)

where a, f: N — R and a(n) # 1.
By the variation of constants formula, the solution of equation (2.1) with the initial

condition
(1) =z (2.2)
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can be presented as

n—1
z(n) = X(n,Dao+ Y X(n,k+1)f(k), (2.3)
k=1
where .
X(n.k) = [ (1 - a(i). (2.4)
j=k
Note that X (k, k) = 1. Obviously, if
0 <a(n) <1 for any n >k, (2.5)

then X (n, k) is nonnegative and bounded from above by 1.

Lemma 2.1. If condition (2.5) is satisfied, then

where X (n, k) is defined by (2.4).
Proof. Consider equation (2.1), where f(n) = a(n) and 2o = 1. Then z(n) =1 is a
solution of problem (2.1), (2.2). By the above and (2.3), we have

n—1

X(n, 1)+ Y X(nk+ a(k) = 1.
k=1

Since assumption (2.5), by (2.4), we have that X (n, 1) is nonnegative for n € N. Hence

inequality (2.6) holds. O
Note, that the solution of equation (1.1) satisfies the following equation
n—1 k n—1
z(n) = X(n,1)xo + Z X(n,k+1) Z A(k, )z (i) + Z X(n,k+1)f(k), (2.7
k=1 i=1 k=1

where x(1) = z¢ and X (n, k) is defined by (2.4).

Definition 2.2. Equation (1.1) is said to be exponentially stable if there exists
a positive constant M and A € (0,1) such that for any solution of the corresponding
homogeneous equation with the initial condition (2.2) the following inequality holds:

|x(n)] < M |zo| A™.
The following lemma will be used in the sequel.

Lemma 2.3 ([1]). Assume that there exists a positive constant L and p € (0,1) such
that

|A(n,m)| < Lp™™™ forn >m > 1. (2.8)
If for any bounded function f the solution of problem (1.1), (2.2) is bounded, then
equation (1.1) is exponentially stable.
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3. MAIN RESULTS
In this section we consider only equation (1.1). All results for equation (1.2) one can
obtain by a substitution b(n) = 1 — a(n).

Theorem 3.1. Assume that there exist constants g, aq € (0,1) such that
a(n) € (o, 1], a(n) #1 (3.1)

and

> |A(n, k)| < aya(n) for n€N. (3.2)
k=1

(i) If the function f is bounded, then all solutions of (1.1) are bounded.

(ii) If condition (2.8) holds, then equation (1.1) is exponentially stable.

Proof. Ad (i). Let X(n, k) be defined by (2.4). Set || f|| = sup,,cy |f(n)]. By (3.1), we
have 0 < X (n,k) < 1. Using (2.7), for solution of (1.1), we have

n—1 k n—1
z(n)] < X(n, Dol + > X(n,k+1) > Ak, )] |2(i) + Y X (n, k+1)[ (k)|
k=1 i=1 k=1
n—1 k .
X(n, 1)fwol + 3 X(n, k + 1)a(k)2i—1a|(;1)(’“)| mas fa(6)
k=1 -
n—1
+> X(n,k+ a(k) F(R)
— a(k)

Hence, by Lemma 2.1, (3.1) and (3.2), we obtain

N
< 0
()] < ol + e maxe Ja()] +
Thus ||f||
<
max |z(i)] < |wo| +on max |z (i) + - "
Then ||f||
1-— <
(1 — aa) max [a(i)] < fwof + 77
Therefore,
< —=0
[o(n)] < =8

It means that all solutions of (1.1) are bounded.

Ad (ii). In the part (i) of this theorem it was proved that for any bounded function f
all solutions of (1.1) are bounded. Hence, by Lemma 2.3, equation (1.1) is exponentially
stable. O
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Example 3.2. Let us consider the linear Volterra difference equation

n

o0+ 1) = aln) = =T () + 30 al) + (<1, neN. (33)

3n n+1)
Here ) §
n+1
= = —1 n A - .
aln) = 5= S = (21" and A k)=
Let us take
« Z « §
0 — 37 1 — 4
Then
on+1 - - k 1 32n+1
= 1 Aln, k) = _— =< - = .
aln) = =3, €lao, 1), kZ:l (n, k) Zin(ntl) 24 3n aoa(n)

So, by Theorem 3.1, all solutions of (3.3) are bounded.

Note, that for equation (3.3), Theorem 1 of [17] cannot be applied, since the
assumption

n—1 n-—1 k
STOIT G D AR, )] < o
k=ng j=k+1 i=no

is not satisfied.

Remark 3.3. If equation (1.1) is exponentially stable and lim,,_,~ |f(n)| = 0, then
for any solution of (1.1), (2.2) we also have lim,,_, |z(n)| = 0.

Another asymptotic stability condition we will obtain by applying the first part of
Theorem 3.1.

Corollary 3.4. Assume that there exist positive constants A and ag, and By € (0, 1),
aq € (0,1) such that

n A
ap < a(n) < Po, Z <n —Ii:_ 1) |A(n, k)| < aya(n) for n € N. (3.4)
k=1

If the function n™ f(n) is bounded, then for any solution of (1.1)

nhﬂrr;() z(n) = 0.

Moreover,

<

fe(n)] < 25

for some M > 0.
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Proof. After a substitution x(n) = yfﬁ) (1.1) takes the form

A
vt 1) =) = = [ ("52) (ol = 1)+ 1 ol
(3.5)
+> (” - 1) (k>/\A(n, R)y(k) + (n+ 1) f(n).
k=1
Let us introduce the following notation:
A
) = (52 o) < 1) 41,
A
Av(n k) = ("Zl) A(n, k),
and
fi(n) = (n+ 1) f(n).
Then equation (3.5) takes the form
y(n+1) —y(n) = —ar(n)y(n) + Y Ai(n,k)y(k) + fi(n). (3.6)

k=1

Theorem 3.1 is used for proving that all solutions of equation (3.6) are bounded.
We checked it out that, for any n € N, assumptions of Theorem 3.1 are satisfied.
By (3.4), since Sy € (0,1), we get

n+1
n

A
ai(n) >a(n) —14+1>ap and al(n)§< ) Bo—1)+1<1.

Again by (3.4), we have

n n A
S 1A ) =3 (ZEL) 1A, k)] < aras ().
k=1 k

The identity
fi(n)
(n+1)*f(n)
implies that the function f; is bounded.

All assumptions of Theorem 3.1 are satisfied for equation (3.6). Hence solutions of
this equation are bounded and the theorem is proved. O

=1
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Finally, let us consider the nonlinear Volterra equation

n

z(n+1) —z(n) = —F(n,z(n)) + Z H(n, k,z(k)) + G(n,z(n)), (3.7)
k=1

where F: NxR - R;, G: NxR =+ R, H: NxNxR — R are given functions. From
Theorem 3.1 we get for the above equation the following result.

Corollary 3.5. If there exist constants g, a1 € (0,1), functions A: Nx N — R,
c: N—= Ry, and a bounded sequence g: N — R such that for any u # 0

o < e(m) < T <y ‘W < A(n,k) (3.8)

and .
ZA(n,k:) < aje(n), |G(n,u)| <g(n) forall n k€N, (3.9)

k=1

then all solutions of equation (3.7) are bounded. If, in addition, there exist positive
constants L and p < 1 such that

A(n, k) < Lu("fk) for n>k>1

and lim,,_,~ g(n) = 0, then any solution of equation (3.7) tends to zero.

Proof. Suppose T is a fixed solution of equation (3.7). Let us denote

Fn,z(n)) =
a(n) = T(n) z(n) # 0,
1, Z(n) =0,
H(n,k,z(n) =
Aln, k) = | 2 A0 (3.10)
0, Z(n) =0,

and

0<ap<ecln) < ———*>=a(n) <L (3.11)
From the above and by (3.8), (3.9) and (3.10), we get

n
k=1

H(“kff(’f))‘ _ Zn:A(n,k) < are(n) < aqa(n).
z(k) et
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Condition (3.9) implies that
[f(n)] < g(n),

where g is bounded. Hence for linear equation (1.1) all conditions of Theorem 3.1 are
satisfied. Then all solutions of this equation are bounded. Therefore the solution x of
equation (3.7) is also bounded.

The second part of this theorem follows from the second part of Theorem 3.1. [

Example 3.6. Consider the equation

z(n+1)—z(n) = —(1 — =~ cos x(n))x(n) +Z %ﬁ(k)e—/\m(k)_,_ sinz(n)  (3.12)

with initial condition (1) = zg > 0, where A € R. Here
=5

1 1
F(n,u) = ( — 4 cos u) u, H(n,k,u) = —=ue ™ =A(n, k), G(n,u)=sinu.

It is easy to see that for any n € N we have x(n) > 0, where z is the solution of
equation (3.12). Let us take

1 1 22 1
ao = 7, e(n) = T =3 A(n, k) = S e and g(n)=1.
For uw > 1 we have
1 F(n,u) 3
= =-< <-<1
a =cn) =7 —" w | TaS
H(n, k,u) 1 1
‘ u ~ e = Nek? T Aln, k),
G(n,u)| <1,

and

Note, that for
2 2
A>T x4l
3e
we have a; < 1. Then all assumptions of Theorem 3.5 are satisfied and so all positive
solutions of equation (3.12) are bounded.
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4. FINAL REMARKS

In the Introduction we noted that there exists a close connection between the Volterra
difference equation (1.1) and the scalar linear integro-differential equation

#(t) = —a(t)z(t) + / AL, s)z(s)ds + F(t), > to. (A1)

The connection between the two classes of equations can be used in another way —
to apply the methods, approaches and ideas known for one class to obtain new results
for the second class of equations. There are several papers, where the authors applied
this connection. In particular, in [9] asymptotic stability conditions for the following
linear delay difference equation

z(n+1)—x(n) —l—Zak n)), hr(n) <n,

were obtained by applications of the known stability conditions for linear delay
differential equations.

Similarly, using the idea of the proof of Theorem 3.1 we will get the following
statement. Assume that in equation (4.1) the functions a and f are continuous on
[to,00) and A(t, s) is continuous for ¢t > s > tg.

Theorem 4.1. Assume that a(t) > ag for some positive number ag and

t—o00

hmsup /|Ats|ds<1

Then for any function f bounded on [ty,00) all solutions of (4.1) are bounded. If in
addition function a is bounded on [tg,o0) and there exist M > 0, > 0 such that

|A(t,s)] < Me™2t=9), (4.2)
then equation (4.1) is exponentially stable.

Note that in this case assumptions are weaker than in the discrete case.

Example 4.2. Consider the equation

By simple calculations we have

hmbup—/hln |ds—f

t—o00 t
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Hence, for any function f bounded on [0, 00) all solutions of equation (4.3) are bounded.
Consider the next equation

() = —(t) + o / == sin(ts)a(s)ds + (1), t > 0. (4.4)
0

For this equation condition (4.2) holds. Moreover, we have

t

limsup |a| [ e=®9)|sin(ts)|ds < |al.
t—o0
0

Hence, if |a| < 1, then equation (4.4) is exponentially stable.
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