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Abstract. In the present paper, we give criteria for the existence of extreme points of
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1. INTRODUCTION

Extreme points are without doubt the most basic concepts in the study of the behavior
of balls in Banach spaces (see e.g. [5]). To justify the importance of this notion, we
can cite the celebrated Krein—Milman theorem which states that any compact convex
set of a Banach space is the convex hull of its extreme points set. In particular, this is
what happens for the unit ball of LP spaces when p > 1. The notion of extreme point
is also connected with the strict convexity. More precisely, a Banach space X is said
to be strictly convex (or rotund) if every point of its unit sphere S (X) is an extreme
point of its closed unit ball B (X), i.e. S (X) = extr [B (X)].

For the convenience of the reader, we recall that f € S (X) is said to be an extreme
point of B (X) if it can not be written as the arithmetic mean 1 (g + h) of two distinct
points g, h € B (X). Namely, if the following implication holds

_g+th

g,he B(X), f 5

= g=h.
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In [18], M.A. Picardello has used another definition: a vector f in B (X) is an
extreme point of B (X) if and only if there does not exist ¢ # 0 in X such that
f£g€ B(X). In reworking the arguments of [10], he studied the extreme points of
unit balls of the Besicovitch-Marcinkiewicz Banach spaces (spaces of functions with
bounded upper means), and he characterized the extreme points of unit balls of the
Stepanov spaces defined in [20].

The criteria for extreme points and strict convexity in Orlicz spaces and
Musielak—Orlicz spaces equipped with the Orlicz norm, the Luxemburg norm,
and Amemiya norm, have been obtained earlier (see for instance [4,7,19,21] and
references therein).

In his celebrated paper [9], Hillmann has used a similar approach of Besicovitch
[2] to obtain an extension of the Besicovitch almost periodicity in the context of
Orlicz spaces. He introduced the Besicovitch—Orlicz spaces of almost periodic functions
denoted BY, (R) (¢ is an Orlicz function), and proved their completeness when they
are endowed with the Luxemburg norm (2.3).

In [16], Morsli et al. have defined the Orlicz norm (2.5), and they proved that
it is equivalent to the Luxemburg norm and equals to the Amemiya norm (see
Proposition 2.4).

In the recent years, some geometrical properties of Bf_p_ (R) have been considered
by Morsli and his collaborators in [1,3,11,13,15].

Morsli [11] has discussed the criteria of rotundity of B(‘f’p' (R) equipped with
Luxemburg norm. He proved that B¢ , (R) is strictly convex if and only if ¢ is strictly
convex and has at most polynomial growth (¢ satisfies the Ag-condition (2.1)).

In [13], Morsli et al. have characterized the rotundity of Bg, (R), when it is
endowed with the Orlicz norm. However, to our knowledge, the criteria for extreme
points have not been discussed yet.

The paper [8] is the first work to look at the extreme points of the unit ball of
Bf_p_ (R) equipped with the Luxemburg norm. Here we continue investigations started
there.

The main goal of this paper is to characterize extreme points of the unit ball
in B¢, (R) equipped with the Orlicz norm and give some properties of the set K(f)
defined in Proposition 2.4.

2. PRELIMINARIES

In this section, we recall a sequence of definitions and results which will be used in
what follows.

2.1. ORLICZ FUNCTIONS

A function ¢ : R — R™ is said to be an Orlicz function (called also N-function) if it

is even, convex, ¢(z) = 0, ¢(x) > 0 if and only if z # 0 and limg—, 1o @ = 400,
(=) _ 0.

lim,, o 222
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From now on, we always denote by ¢ an Orlicz function.
¢ is said to satisfy the Ag-condition for large values (we write ¢ € As), when there
exist constants £ > 0 and ug > 0 such that

6(2u) < ko (u), Viul > uo. (2.1)
For every Orlicz function ¢ we define the complementary function ¢ by the formula
¥ (y) =sup{zly| —¢(x),z >0}, VyeR.

The complementary function v is also an Orlicz function. The pair (¢, ) satisfies the
Young inequality
wy<¢@)+v(y), zyek

The function ¢ is called strictly convex on R if

+ 1
o (“57) <500 +ow), YuveR utv
Let us recall that if ¢ is strictly convex on R, then it is uniformly convex on any
bounded interval (see [4, Proposition 1.4]). Namely, for any [ > 0 and ¢ > 0, and
[e,d] C]0,1] there exists 6 > 0 such

6 (a+ (1= N)o) < (1= 8) (A (w) + (1 = N6 (v)) (2.2)

for any A € [¢,d] and all u,v € R satisfying |u| <, |v] <! and |u—v| > e.
Following [4], an interval [a,b] is called a structural affine interval of an Orlicz
function ¢, provided that ¢ is affine on [a,b] and it is not affine on either [a — &,b] or
[a,b+ ] for any £ > 0.
Let {[a;, b;]}, be all the structural affine intervals of ¢. Let

U}aiabi[l

7

Sy =R\

be the set of strictly convex points of ¢. Clearly, if u,v € R, « € ]0,1[ and
au+ (1 —a)v € Sy, then

¢(au+(1—a)v) <ad(u)+(1-a)¢(v).

2.2. BESICOVITCH-ORLICZ SPACES OF ALMOST PERIODIC FUNCTIONS

Let M (R) be the set of all real Lebesgue measurable functions defined on R, ¥ (R) the
o-algebra of all Lebesgue-measurable subsets of R and p the Lebesgue measure on R.
We denote by L? (R) the subspace of M (R) such that for each bounded interval U

loc

there exists o > 0 such that

/cb(a\f(S)\)dS < 0.
U

When U = [0,1], we get the Orlicz space L? ([0,1]) (see [4]).
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The Besicovitch-Orlicz pseudo modular pgs is defined in [9] as follows:

T

_ — 1

pue L ) 5B, fo T o [ o(s)
=7

Its associated modular space, called the Besicovitch—Orlicz space, is

B¢ (R) = {f€L¢ (R) : ppo (Af) < 400 for some)\>0}.

loc

This space is endowed with the Luxemburg pseudonorm

1l = mf{k >0 pe (i) < 1}. 23)
Let us consider the equivalence relation

Vf79€%¢(R> s fr~ogeIf —9llge =0.

We denote by B? (R) := B? (R)/ ~, the quotient space. Henceforth, we will not
distinguish between an element of B¢ (R) and its equivalence class in B? (R).
Endowed with the Luxemburg norm ||-|| g4, B? (R) is a Banach space.
In order to define the Besicovitch—Orlicz space of almost periodic functions, let us
denote by Trig (R) the linear set of all generalized trigonometric polynomials, i.e.

Trig(R) = { P(t) =Y ajexp(iXjt) : \; € R,a; € C,j €N
j=1

The Besicovitch—-Orlicz space of almost periodic functions, Bf.p. (R), is the closure of
Trig (R) in B? (R), with respect to the norm ||.|| g, see [12]. More exactly,

BY, (R) = {f € B*(R) :3(P,),», C Trig (R) lim ||f = Pull g0 = 0}

- {f € B?(R) : 3(Pa),5y C Trig (R) ¥k > 0 lim ppo (k (f — P)) = o} .

We define the space Eff_p_ (R) as the closure of Trig(R) with respect to the modular
convergence (see [11,12]). Namely,

Do s mN\PB?®
B . (R) = Trig(R)" *”.
More precisely,

B2, (R) = {f € B (R): 3(Pa),5y € Trig (R)3k > 0 lim po (k(f = P)) =0}
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Remark 2.1.

(1) B¢, (R)and f?,‘f‘p‘ (R) endowed with the Luxemburg norm (2.3) are Banach spaces.
The equality between them holds if and only if ¢ € As.

(2) If we denote by AP(R) the Banach space of Bohr almost periodic functions,
we have AP(R) C B, (R) (see [9]).

(3) From [11] we know that when f € BS , (R) the limit exists and is finite in the
expression of pge(f), i.e.

T
puelf) = lim o [ 650D (24)
~r

This fact is very useful in our computations.
(4) By the definition of the Luxemburg norm, for all f € B? (R) we have

ppe(f) < ||flpe whenever [|f]lps <1.

The following lemma gives a relation between the Luxemburg norm ||.|| 5 and the
modular pge. It is proved in [13] with the assumption that ¢ satisfies the Ay-condition.

Lemma 2.2 ([1]). Let f € Bf‘p‘ (R). Then:

(1) Ifllgs <1 if and only if ppe(f) <1,
(2) [flle =1 if and only if ppe (f) = 1.

Hillmann [9] has defined the set function fig on ¥ (R) as the following

T
_ o 1 !
fip (A) = lim o7 XA(t)dﬂfjlganTﬂ(Am[ T.70),

T—o00
=T
where x4 denotes the characteristic function of A.
It is clear that 7ig is increasing, null on sets with u-finite measure and it is not
o-additive. B
Hereafter, using [11, Lemma 4], we give an example of a function in BY,, (R).

Example 2.3. Let (ay,)n>1 and (up)n>1 be two sequences defined by
for every n > 1.

1 1
an = ¢ (2—”) and u, = on

Put
n—zuk—lff

We define a set sequence (A,,)p>1 by An = [Sn, Snt1[- Then we have:

(i) AinAj =0 for all i,j such that i # j, because (S,),, is strictly increasing,
(ii) lim Sn = 1 which implies that {J,>, A, C [0,1],

n—+00

(iii) pu(An) = tny1, o(an) = 27 and Zn>1 dlan)p(An) = %2121 4% < Q.
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Consider the function defined on [0, 1] by
=o' ()
n>1 2n X[l_%’“l_ﬁ['

Let f be the periodic extension of f to the whole R, with period 7 = 1. Then
by [11, Lemma 4] we have f € B (R).

Beside the Luxemburg norm Morsli et al. [16] have defined in B, (R) another
norm, called Orlicz norm, by the formula

156 = sup {M(Ifgl) : g € BY,, (R), pge(9) <1}, (2.5)

where v is the complementary function of ¢ and

+T
1
M(f) = tim o [ 0
-7

The norm (2.5) is not easy to deal with. So Morsli et al. [13,14,16] expressed it by
the Amemiya formula (2.6) which is far more convenient to make use.

Proposition 2.4 ([13,14]). Let f € BS, (R), |fllge # 0. Then the following
assertions hold.

(1) The Orlicz norm and the Amemiya norm are equal, i.e.

1715 = inf = [1+ ppo (K1), (26)

Moreover, there exists
° 1
ko € K(f) = ¢k >0:|[fllge = [L+pgs (k)] -

(2)

1flse <1 flBe <211 f 5o -

These two norms are equivalent, nevertheless, the corresponding geometric proper-
ties between them are different. So their extreme points need not be the same.
The next lemma will be very useful in the proofs of our results.

Lemma 2.5 ([11]). Let f € B¢, (R) such that ||f||gs > 0. Then there exist real
numbers 0 < a < B and 0 € )0, 1] such that Tig(G) > 0, where

G={teR:a<|f(t) < B}
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3. MAIN RESULTS

First, we prove the following auxiliary lemmas.
Lemma 3.1. Functions f € Bf.p. (R) are absolutely ¢-integrable in the pp sense.

Before giving the proof of this Lemma, we need to give the definition of the
absolutely ¢-integrable function.

Definition 3.2. A function f € B? (R) is said to be absolutely ¢-integrable in fip
sense, if for every e > 0, there exists § = 6 (¢) > 0, such that for every measurable
subset A € ¥ (R) with g (A) < ¢ we have

||fXAHB¢ <e.

Proof. We use the same arguments as used in [6]. First, let us show that bounded
functions are absolutely ¢-integrable in fip sense. Let e >0, A€ ¥ (R) and f: R - R
be a bounded function. Put

C=sup|f(t)].

teR

Here, we exclude for simplicity the trivial case, when fip (A) = 0. Clearly, we have

1

Ixallps = ——7—— and [Ifxallps <Cllxallps - (3.1)
o )

Since the function ¢ — (¢! (1/75))71 is continuous and increasing on ]0, +oo[, we

deduce that there exists ¢ := (¢ (g))_l such that || fxal gs <€, whenever up(A) < 4.
Now, let us assume that f € ij (R). There exists a trigonometric polynomial P.

such that
€

If = Pellpe < 5.

Since P. is absolutely ¢-integrable in the jp sense, there exists 6 > 0 such that
|Pexallgs < § whenever ip(A) < §. For such ¢, we have

[fxallge < I(f = Po) xallgs + [Pexallge < If = Pellgs + [ Pexallge < e
This completes the proof of the lemma. O
Lemma 3.3. Let f be a function in B, (R), then there exists § > 0 such that

fXEC € Bf.p. (R)v

forany E € ¥ (R) with ig(E) < §, where E€ is the complementary of E. Consequently,
fXE € Bz?.p. (R) .

Proof. Let € > 0. There exists a trigonometric polynomial P. such that

If = Fellgo <

DO | ™
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Using Lemma 3.1, there exists 0 > 0 such that || P.xg| s < 5, for every measurable
subset F € ¥ (R) with fip (E) < 4.
For the above P., E and §, we have

| fxEe — Pellge = || fXEe — PexEe — PeXE| Bo
<|I(f = Po)xeellge + | Pexel e
<|f = Pellps + [|Pexellpe <e.

This show that fxpe € BS, (R). Hence, as the space BS, (R) is linear, we get
fXE € Bg,b.p. (R) : O

Now we prove some basic properties of the set K(f) when f € B, (R).

Lemma 3.4. Let f € B?, (R). Then

L0+ e (k) )

K(f) = {k>0:] % =
is an interval.
Proof. Let s,m € K(f) be such that s # m. We will prove that [s,m] C K(f). Let
a € [0,1]. By the convexity of ¢, we get
ppe((as+ (1 —a)m)f) < appe(sf) + (1 —a)pps (mf).
It follows that
1+ ppe((as+ (1= a)m)f) < 1+ appe(sf) + (1 — a)ppe(mf)
=a(l+ppe(sf)) + (1 —a)(I + pge(mf)).
Then

1
Py 14 ppe((as+ (1 —a)m)f)]

< a(+apps(sf))  (1—=a)(d+pps(mf))
as+ (1 —a)m as+ (1 —a)m

= L)m(é(l + pB<¢>(Sf))> + %ﬁnm( 1 (1+ pB¢>(mf))) (3.2)

as+ (1—a as+ (1 —a)m \m
_ a5y o (d-am 0
Cas+(1— a)me”m * as+ (1 — a)m||f||B¢

= [1£15e-

On the other hand, by Proposition 2.4(1) we have

17150 = it 2 [+ ppe ()] < 1+ ppe(as+ (1 —aym)f].  (3.3)

as+ (1 —a)m
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Combining (3.2) and (3.3) we get

1

[0
1913 = i —am

(14 ppe((as + (1 = a)m)f),

and so as + (1 —a)m € K(f) for all a € [0,1]. This means that [s,m] C K(f). O

Now, let us introduce this notation. For & > 0, f € B(‘f,p, (R), define the following set:

Sy(f. k) ={t eR:kf(t) ¢ S},
and S, (f, k) its complementary.

Lemma 3.5. Let f € B, (R), ||fllpe # 0. We suppose that u(Se(f,k)) = 0 for any
k€ K(f). Then K(f)consists exactly of one element from ]0, 4o0l.

Proof. Suppose that there exists m,s € K (f) such that s < m. Then |[(s—m)f[|%, >0
because || f[|%, # 0. By Lemma 2.5, there exist reals numbers 0 < a < 3, and 6 €]0,1]
such that i5(G) > 0, where

G={teR:a<|(s—m)f) < B
We know that u(Ss(f, k)) =0 with k& € K(f). This implies that
fip(Se(f, k) N G) = fip(G). (3.4)

We just write

G= (G N S¢'(f’ k)) U (G m§¢(f7 k))

By the convexity of ¢ and Proposition 2.4(1), we have

10 < s |14 o (S577))
< Sfm :1+ %pB«» (sf) + %pm (mf)]
< Sfm ; (L+ pps () + % (1+ pps (mf))]
— Sfm ; (i (14 ppe (sf)]) + % (; [1+ ppo (mf)])}
=[S0 + FI1%] = 171

So all the inequalities in the above formulae are, in fact, equalities. Therefore
= e K(f), and

STATSY L fpe(sh) + pae(m )] (35

PB¢ ( 2
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Let a = [[mf|%,. Choose n such that min(an,n) > 1. Put
A={teR:|mf(t)| > an}.
Using Proposition 2.4(2) we get

a=|mflge > |mfllps > Imfxallge > anlxall e

which implies that ||xallgs < % < 1, and then, by Remark 2.1, pps(xa) < %
In view of the following implication (see, e.g. [17, Lemma 1])

Ve > 035 > 0VA € E(R) : pps(xa) <d=Tg(A4) <e, (3.6)

we get that iz(A4) < g.
Let

2¢(*5*)
$(u) + ¢(v)

Fy(u,v) = for each (u,v) € R*\ {(0,0)}.

We have Fj(u,v) < 1 for all (u,v) € Q1, where

u-+v
Q1= {(uw,0) € R : Jul < an vl < an,fu—v] > 0, “T7 € Sy ).

Then using the continuity of F} on the compact set @1, it follows that there exists
0 < 9 < 1 such that

sup Fi(u,v)=1-4.
(u’v)te

More precisely, we have

o(“52) < -2 v e g

Let now t € (G N Sy(f,k)) \ A. Then (sf(t),mf(t)) € Q1.
On the other hand, we have

Tol(G 1SS, \ A) 2 Tp(G 0S54, 1) — in(A) =
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Take G = (G N Sy(f,k))\ A. It follows that

[ (IO E Y,

2T
-T

::5%; L/ ¢(Eﬁﬁl¥;ﬁi&ﬂ)dt+§%; /‘ ¢(Ei@ii1@i@ﬁ)m

[T, TING [—T,T)NG*
cO-gg [ HObren),

[-T,TING

1 ¢(lsf D)) + o(Imf(#)])
/ im0,

c

[T, TING’

L[ el + s(mi0) (st 0D+ limf W)
S*/ 9T /

- [-T,TING

{;T/Twsf ) +*/¢>Imf ]

] ¢(|sf()—2mf(t>|)dt

<

DN | =

2T
[-T,TING

<! {ng [ otssnan + o [ ¢(|mf(t)l)] a=00(5) 5

=T
Letting T" tend to infinity we get

o (LY < Do) + e () — 07 @)

Then we get

2

This contradicts equality (3.5). Then we necessarily have s = m

2 (ppe(5£) + ppe(m)) — pie (M) > 6¢(%)ﬁ3(é) > %&p(%) >0

O

Remark 3.6. It follows from Lemma 3.5 that if the function ¢ is strictly convex,

then the set K(f) consists of exactly one element.

Now we characterize the extreme points of the unit ball of B , (R) equipped with

the Orlicz norm.

Theorem 3.7. Let f € S(BZ, (R)). Then f is an extreme point of B(
if and only if p (Se(f,k)) =0 for any k € K(f).

Bg, (R))
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0 for any ¥ € K(f) and

Proof. Sufficiency: Suppose that u(Se(f,k))
f ¢ extr [B(BZ, (R))] . So there exists g,h € S(B
g+h

g#h and f:T.

¢ ,(R)) such that

By Proposition 2.4, we know that K(g) # 0 and K(h) # 0. For k; € K(g) and

ko € K(h) we have ||k1g — koh||%, >0
By Lemma 2.5, there exist «, 8 > 0 and 6 €]0, 1[ such that for the set
={t eR:a < |kig(t) — k2h(t)] < B},

klk? . By the convexity of ¢, we get

we have Tig(G) > 6.
In order to simplify the notation we put k& =
— [1+ ppe(k19)] + T 1+ ppe(kah)]

2= |lgll%s + IRl%e = ’
k1 + ko ko 1
= 1 k + — koh

ik + k1+k2PB¢( 19) i k293¢( 2h) (3.7)
1 1
% [1+ ppo(kg + kh)] = ﬁ (14 ppe(2kf)]

> 2[|fl1%s = 2.

(3.8)

/)qu k Zh/

ko k1
2k _ k
ppo(2kf) = . ppe(k1g) + o

By hypothesis, p (S4(f,2k)) = 0. Then, as in (3.4) we get
Bg(G) =T1ip(G N Sy(f,2k)).

Let € > 1. Define the sets
Ar={teR:|g(t)| =€}, Ax={teR:|n()] >}

Our first claim is that
1= lgllBe > l9llse > lgxallpe = €lxa,lpe.
Then, by using (3.6),

thus ||x4,|ps < 2. Similar computations lead to ||x.4,]| B+

we get Tig(A4;) < 9 fori=1,2
Now we choose b = max{ky, k2} and consider the set
ko k1
, + vESyp,
kit ko Ey+ ko ¢}

Q:{(u v) €R?: |u| < bE+ B, o] SbE+ B, Ju—v] > a
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and define the map F on R?\ {(0,0)} by

k
¢( k1+2k2u + k1+k2 ’U)
% .
kfl"fkﬂ ¢( ) + k1+k2 ¢(v)

For all t € (S4(f,2k)NG) \ (A1 U Az), we have (k1g(¢), k2h(t)) € Q. Then, using same
arguments as in the proof of Lemma 3.5, there exists 0 < § < 1 such that

F(u,v) =

¢( L (g(t)+h(t))) :(b(k:llsz (hg®0) + o E ¥ ks (kzh( ))>

k1 + ko
< (1= 0) (2 olhag ) + o (hah(1)

Denote

@Zk‘l—i-/fz{ )

k1
k — " ae(koh) — 2% ).
o s k1+k2p3¢( 1g)+k1+k1pB¢( 2h) — pps( f)]

By (3.8), we have © = 0.
On the other hand, if we denote

G= [0 110 ((Sol £ N )\ (AU AY)).
we have

1 1
©> EPB¢(kng§) + k*Pqu(kthé)

k1 + ko
 kiks {1 9)

ko kq
T 1 o ppe(kigxa) + mﬂm(lﬁhxc;)

v

) 1)
—ppe(k1gxg) + —ppe (k2hxg)
k‘l k2

> 26 (PB¢ (kigxg) + ppe (k2hX§))
b 2
2 20— /¢ (k1|g(t)]) + @(ka|h(t )|)
b T—>002T 2
G
20 — 1 |k1g(t) — kah(t)]
g 4 ol
G
20— 1 |k1g(t) — kah(t)|
g 4 (o sy
G
20 s«
> 59(
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Necessity: We will show that if f € extr [B (Bff'p.)], then we have

1 (Se(f,k)) =0 for any k € K(f).

We assume that there exists ko € K(f) such that p (S4(f, ko)) > 0. Since R\ S, is

the union of at most countably many open intervals, there exists an interval ]a, b[ such
that for any € > 0,

p{teR:kyf(t) €Elate,b—e[}) >0,

and that ¢ is affine on [a, b], i.e. for any t € [a,b], ¢(t) = a1t + B1, a1 > 0.
Let € > 0. Take
H ={teR:kof(t) €Ela+e,b—el}.
Then there are two subsets A, B of H' such that 0 < p(4) < o0, 0 < ,u(B)

and AN B = (. Indeed, let v > 0. We know that R = Unez[’yn,fy( . Then
= U,z H),, where H’ H' N [yn,vy(n+ 1)[. We have

n’

H/NH} =0,Yi#j, pH),)<p(yny(n+1)]) =7, and p(H') =" u(H,).
nez

Since pu(H') > 0, the following two cases may arise.
1. u(H'") < co. Then there exists at least two sets Hj, Hj such that

u(gf)).

0<u(H))<~vy fori=1,2 (we choose v =

2. u(H') = oo. There exists infinitely many sets H/, such that
0 < p(Hy) <
Now we put H = AU B. We define

{ g9(t) = f(O)xme(t) + (f(t) —
h(t) = f(t)xme(t) + (f(t) +
Then g # h and g + h = 2f.

By Lemma 3.3, we get

fXHCa (f - g)XAa (f + E)XB € B(csz(R)

which implies that g, h € B, (R).
Now we show that [|g||%, < 1. Let

T

pr(kog) = le / o(|kog(t)])dt.

-T
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Then, by using the fact that ¢ is affine on H we get

pr(kog) = pr(kofxme) + pr(kofxa) + pr(kofxs)

= pr(kofxme)
1 1
vor | o(wlr@-eD)ar g [ o(kalse)+eh)ar
[-T,TINA [-T,TINB
< pr(kofxme)
1 1
+ 57 / & (ol £ (O] + koe ) dt + 5 / & (ol F(8)] + ko ) dt
[-T,TINA [-T,T)NB
< pr(kofxme) + % / (01k0|f(t)| + 61+ a1k05>dt
[T, T]nA
+ % / (enkol £(1)] + koBr + akoc ) d
[-T,TINB
< pr(kofxme) + pr(kofxu) + ozlkoE;Tu(H N[-T.T7)

1
< pT(k/’Qf) + alkOEﬁM(H N [—T, T])
Then letting T" — +o0o we get

ppe(kog) < ppe(kof) + koetip (H).

Since g (H) = 0, we obtain

pps(kog) < pps(kof) with ko € K(f).

It follows that

[1+ppe(kof)] =1

[1+ ppo(kog)] < ki

1

= inf —[1 k —

l9ll%s = 1n k[ + ppe(kg)] < o
Using same arguments, we get [|h[|%, < 1.

Finally, we have g,h € B (B¢, (R)) with 2f = g + h. This shows that

f ¢ extr [B (B(‘f_p(R))] . The proof is complete. O

Remark 3.8. A criterion for the strict convexity of B , (R) endowed with the Orlicz
norm is known (see [13, Theorem 4.1]), but we can easily deduce this result by our
main Theorem 3.7.

Corollary 3.9. Let f € S(Bff_p_ (R)). If the set K(f) consists of exactly one element
(K(f) ={k}, k>0), and pu (Ss(f. k)) < +o0, then pu (Sy(f, k)) =0.
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Proof. Assume that 0 < p1 (S (f,k)) < +oo. Then by Theorem 3.7, we deduce that

f ¢ extr [B(pr(R)7 || : ||(1)3¢)] .
It follows that there exist two functions g, h, g # h, such that

g+h

lgle =lIAlpe =1 and f==——.

Using same notations and arguments as in the proof of the necessity of Theorem 3.7,
we get

fip(G) =Tig(G N Sy(f. k), (3.9)

and 7ig(A;) < & for i =1,2.

We take
Q= (GNS(f,k))\(A1 U As).
Then
Ap() > (G NSy(f,k)) —Bp(A) — ip(A2)
6 (3.10)
> ig(G) —Hp(A1) — fig(A2) > 3

We have ky € K(g), ko € K(h) and [|g|%, = [[h]|%s =1, f = % with g # h.
By similar computations as in (3.7), we get

1 2k k
B o 1 1K2
1_Hf||B¢_ 2k1ko <1+pB¢(k1+k2f>).

k1+ko
Then
- kzlkfk? - k;kfkl? pe (kikj—klzg 7)=o (3.11)
Put
T T
pr(h) =57 [ o5@Ddtprie) = 5 [ Slla®Dae
), J
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Then

= ;T / ¢ (‘klﬁf,@ (F1g(t)) + klikQ (kxh(t ))D dt

[T, TN
1 ko k1
Tor / ¢<’k1+k2 (k1g(t)) + P (kah(t ))D dt
[=T,TINgQe
<(1-8)5 52 lnlg(t)]) + ——a(k |h(t)|)] dt
B 27 kit kg Fy o+ k2
(=T, TN
1 ko ky
tor / {k UG OD R wary (kzzlh()|)}d
[=T,TINgQe

2 olhala(0) + o)) a

Sigp [ [ olao + e otwaln)| ar

[~T,T]NQ

We multiply both sides by — glkflfj As a consequence, we get

T
ki + ko 2k1 ko -11 1 1
_ > — —
e (P ) 2 S [ [otalaton + Lot
=T

i [ oo+ Lotinon]

[-T,T)NQ

Since le >y and S > b, we obtain

_k1+k2 (2k1k2 f)

11 1
> ko) - otk
ik T\l + ey’ ) = 2 (klpT( 19) + - pr(ka ))

n %% / (b(‘]ﬁg(t) ; k2h(t)|)dt

[—T,T]NQ

> (,{%pmg) + kiQpTo@h)) +3g(2)MEDTND
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Letting T tend to infinity we have

—kggk]? ppe (éksz ) > _71 (kilpw(k‘w) + kizpm(kzh)) + %cb(%)ﬁB(Q)
> %1 (k‘il(l + PB¢(k19)))
+ %2(1 + ppo(k2h)) — kil - ]Cig + %¢(%)g
= 5 (Igl%e + 103 - 2222) 4 26(5) 2
= k21kJ1rk]Z2 * g¢<%>g
This implies
b kQIka]ZQ - kQIlerk]?pT(kzlkf/; f) = %Gﬁ(%)g >0,
which contradicts the equality (3.11). This shows that u(Ss(f,k)) = 0. O

The following corollary is an immediate consequence of the previous results.

Corollary 3.10. Let f € S(BS ,(R), ||-[|%,) and u (S(f, k)) < oo for every k € K(f).
Then the following statements are equivalent:

(1) the set K(f) consists of exactly one element K(f) = {k}, k >0,
(2) 1 (Se(f.k)) =0,
(3) f € extr [B(BE, (R), || [|154)]-
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