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Abstract. Let Q be a bounded domain in R* with smooth boundary and let

', 22, ..., 2™ be m-points in 2. We are concerned with the problem

n
APy — H(z,u, Dku) = p4 H |z — pi|4aif(x)g(u)7

i=1
where the principal term is the bi-Laplacian operator, H(x,u, D¥u) is a functional
which grows with respect to Du at most like |[Dul?, 1 < ¢ < 4, f: Q — [0,+00]
is a smooth function satisfying f(p;) > 0 for any i = 1,...,n, a; are positives numbers
and g : R — [0, 400 satisfy |g(u)| < ce®. In this paper, we give sufficient conditions for
existence of a family of positive weak solutions (u,),>0 in £ under Navier boundary
conditions © = Au = 0 on 0€2. The solutions we constructed are singular as the
parameters p tends to 0, when the set of concentration S = {z!,...,2™} C Q and
the set A :={p1,...,pn} C Q are not necessarily disjoint. The proof is mainly based
on nonlinear domain decomposition method.

Keywords: singular limits, Green’s function, nonlinearity, gradient, nonlinear domain
decomposition method.
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1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

In this paper, we consider the following generalized stationary g-Kuramoto—Sivashinsky
problem

A%y — H(x,u, D*u) = p*V(2)g(u) in Q C R?, (11
u=Au=0 on 05, '
where

H(z,u, D*u) = yAu+ A|Val?, g€ [L4],A7 >0,
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V' is the singular potential given by
V(x) = []le—pil** (),
i=1

f:Q — [0,+00[ is a smooth function such that f(p;) > 0 for any i = 1,...,n,
«; are positives numbers and g : R — [0, 4+00[ is a function satisfying g(u) < ce*,
where ¢ > 0.

Before introducing our main results, let us denote by G(x,-) the Green function of
the bi-Laplacian operator with Navier boundary condition, namely the solution of

2 N — A2 ;
{A G(z,-) = 64720, in Q, (12)

G(z,) =AG(z,") =0 ond.

We denote by

the regular part of G and we define the functional

W(zt, ... ™) = Z R, %)+ G(a?,2") + 2> logV(z/) (1.4)

A j=1

for m-points 2*,z2,...,2™ in Q.
Given u : 2 — R, we define the set of its blow-up points by

S:={xeQ:3(x,) s.t z, >z and u(z,) = +oo}

= {z' . . 2™} (1.8)

Denote by A := {p1,...,pn} the set of singular source given by Dirac masses dy, .
We will ask the following question: Is it possible to construct a family

{vi)
o 0<p<po,0<A<A0,0<y<v0

of solutions of (1.1) in any domain Q in R*, for a (dominated) exponential nonlinear-
ity, which converges to some nontrivial singular function outside some singular set
{xd Yi<i<m C £, as p, A and v tend to 0, when the set of concentration points 2l € Q,
j=1,...,m and the set of zeros of V are not necessarily disjoint.

In the present paper in Theorem 1.3, we give a positive answer to this question. We
construct the bubbling solution to problem (1.1) which blows up at the origin, in radial
case, for an exponential nonlinearity (g(u) = e*) and which admits an interesting
asymptotic behavior which is strongly related not only to the values of the parameters
A, 7, p and ¢, but also to the geometry of the domain Q. Indeed, let = B,.(p;,) C R*,
the ball of radius » > 1 centered at the point p;, € N and we suppose that there exists
ip such that a;, # 0, or z € QN A = {p;, }. Then we are interested in positive solutions
of the following problem:

{mu —YAu = AVu|? = pt|z — pi|**o f(z)e  in Q= B,(pi,) C R, (1.6)

u=Au=0, on 01,
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when the parameters p, A\ and 7 tend to 0 with different speeds and ¢ € [1,4].
f:Q — [0,400[ is a smooth function such that f(p;,) > 0 and «y, is a positive

number. From now on, for the sake of convenience, we assume that a;, := « and
Di, :=p = 0, and we denote by ¢ the smallest positive parameter which verifies
4 384et
P aye)r

Remark that p ~ € as e — 0.
For (v, A) = (0,0), problem (1.6) becomes

{Nu = plz —piy|** f(2) € inQ,

(1.7)
u=Au=0 on 01,

when the parameter p tends to 0 (see, for example, [4]).

In dimension 4, in [9], Wei studied the behavior of solutions to the following
nonlinear eigenvalue problem for the biharmonic operator A% in R*. More precisely,
he considered the following problem

A%y =\ f(u) inQ, (1.8)
u=Au=0 on 0,
and u* the limits solution given by
A%y* = 647%) 5, in Q,
2 (19)
u* = Au* =0 on 0.

The author proved the following result:

Theorem 1.1 ([9]). Let Q be a smooth bounded domain in R* and f be a smooth
nonnegative increasing function such that

e “f(u) and e*“/f(s)ds tend to 1l as u — +o00. (1.10)
0

For a solution uy of (1.8), denote by Xx = X [, f(ux)dx. There are three possibilities.

(i) ¥x — 0. Then |Jur||peo@ — 0 as A — 0.
(ii) Xy — +o00. Then uy — +o0o as A — 0.
(iii) Xx — 647%m for some positive integer m. Then the limiting function u* =
limy o ux has m blow-up points, {x',... 2™}, where uy(z*) — +o0 as A — 0.

Moreover, (zt,...,2™) is a critical point of W given by (1.4) with V = 1.

In [3], the authors studied existence and qualitative properties of positives solutions
to the boundary-value problem
{A2u =p*V(z)e* inQ,

(1.11)
u=Au=0 on 0f),
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where V € C?() is a non-negative function not identically zero, 2 a bounded open
regular domain in R* and p is a small and positive parameter. Recently, the existence of
other branches of solutions as p tends to 0 was studied in [1]. The authors constructed
a non-minimal solutions with singular limit as the parameter p tends to 0. Their
results, which give the converse of the case (iii) given in the last theorem, can be
stated as follows.

Theorem 1.2 ([1]). Assume that (z',...,2™) is a nondegenerate critical point of W
given by (1.4) with V = 1, then there exist po > 0 and (u,),c(0,p,) @ ONE parameter
family of solutions of (1.11), such that

lim u, = Z G(2?,-)
j=1

p—0

in Cho(Q —{zt, ..., z™m}).

loc

The result we have is the following.

Theorem 1.3. Let a € (0,1) and Q = B, C R* be the ball of radius r > 1 centered
at the origin. Denote by o := max(\,7) and r,. = max(y/a,e"/(@+2). Then the
following assertions hold.

(1) () Ifqe[l,4) and max(a,s‘s/(o‘“)rgﬁ) = a which satisfies the condition:
Vo e (0,min(1,4 - q)) : as_‘s/(aﬂ)ris -0 as a—0, (Ag.)

then there exist ag > 0 and a family of solutions {ul }a<a, of (1.6) such that

lim v’ = G
a—0

in CEP(Q\{0}) for B € (0,1).

loc
(ii) If q € [1,4) and max(a, e¥/(@+Dy2 ) =8/(e+D)y2 _ for 5 € (0,1), then there
exist og > 0,9 > 0 and a family of solutions (Ue.c)o<og.e<e, Of (1.6) such
that

li oe = (1 G
(a,e)lgio,o)u o ( +a)

in CP(Q\{0}) for B € (0,1).

loc

(2) (i) If ¢ = 4 and max(o, 72 ) = « which satisfies the condition (A3 ), for all

yloe

0 € (0,1) then there exist ag > 0,00 > 0,60 > 0 and a family of solutions
{ta}ta<as 0f (1.6) such that

lim v, = G
a—0

in CP(Q\{0}) for B € (0,1).

loc
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(ii) If ¢ =4 and max(a,r2 ) = r2 _ which satisfies the condition

s loe o,

Vo € (0,1) : 575/(5‘“)7’(2,;5 =0 as (o,e)— (0,0), (Ase)

then there exist oo > 0,e9 > 0 and a family of solutions {ug’g}
of (1.6) such that

0<0<00,0<e<eq

lim uge = (1+ )G

e—0

in CEP(Q\{0}) for B € (0,1).

loc

Remark 1.4. We remark that the origin is a critical point of Robin’s function, because
of the symmetry of the domain.

Remark 1.5. Observe that ac=1/(@+1) = O(1) verifies the condition (A2 ) and if
Toe = /o = O(e"/(@+D) then the condition (A, ) holds.

Remark 1.6. In the case where the set of concentration points S and the set A
of zeros of V are disjoint, or a; = 0, or A = ), Theorem 1.3 gives a direct extension of
the result in [2] by taking f = const > 0 and a smooth bounded domain 2 C R*.

Remark 1.7. We can establish equivalent results for the dominated nonlinearity
model for g(u) = (e* +e**), s € (0,1).

(i) When the set of concentration points 27 € 2, j = 1,...,m and the set of zeros of
n

V(z) = H |z — pi|** () are not necessarily disjoint we get the same conclusion
i=1

as in Theorem 1.3 in radial cases.

(ii) In the case where the set of concentration points 27 and the set of zeros of V
are disjoint a.e SNA =0, or a; = 0, or A = (), we have the analogues results
as in [2] for the dominated nonlinearity problem for any regular and bounded
domain © of R*.

The proof of Theorem 1.3 relies on efficient method to solve such singularly
perturbed problems in the context of partial differential equations. This method
based on some nonlinear domain decomposition has already been used successfully
in a geometric context (constant mean curvature surfaces, constant scalar curvature
metrics, extremal Kahler metrics, etc.) and has been used in many other papers, see
for instance [1,2,4] and references therein.

We briefly describe the plan of the paper. In Section 2, we discuss the nonlinear
interior problem, where we study some linearized operator about radially symmetric
solution and to estimate the error. In Section 3, we study the nonlinear exterior
problem and to estimate the error. Both sections strongly use the b-operator which
has been developed by Melrose [6] in the context of weighted Sobolev spaces and
by Mazzeo [5] in the context of weighted Holder spaces (see also [7]). Finally, in
Section 4, we gather the results of previous section to show how elements of these
infinite dimensional families can be connected to produce solutions of (1.6) described
in Theorem 1.3. This last section borrows ideas from applied mathematics were domain
decomposition methods are of common use.
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2. THE NONLINEAR INTERIOR PROBLEM
AND LINEAR FOURTH ORDER ELLIPTIC OPERATOR ON R*

For all 7 > 0 and « > 0, we define the function

(1+e?)*r%(4a? +8a+6)(a +1)2
6 (22 1 72 |g|2(1Fa) )4

Ve r.a(x) :=log

satisfying the equation

64 (a + 2)(a 4 1)% 72e2p2(@—1)

|4a eleima —
(82 +T2T2(1+°‘))4

AQUE,T,@ _,04 |l‘ (7’4 T‘4<a+1) + €4> (22)

in R*. Denote by

384
L=A2—- ——
(1+ |z[*)*
the linearization of A2y — 24e¥ = 0 about the approximative local solution

v1,1,0(:= Ve=1,7=1,a=0) and denote by

Ca ‘x|4oc

Lo:=A%2— ——217
(1 + |z]2(@tD)4

where C, = 64(4a® +8a+6)(a+1)%,  (2.3)

the linear fourth order elliptic operator which corresponds to the linearization of
A2y — 24 |z|** e = 0 about the approximative local solution vy 1 4(:= vec1,r=1.0)-
This operator can be written as

Lo =L+ Kq(2),
where K, () is given by

384 64 (402 + 8 + 6)(a + 1)? ||

Ky(x) = — (2.4)
(1+ |z?)* (14 [af2letD)s
satisfying the inequality
1+ |logr|
K(x S /1 oNd 25
Ko@) < e (25)

for o small enough. For kK € N, g € (0,1) and 0 € R, we introduce the Holder weighted

space C(’;’ﬁ (R*) as the space of functions w € Clkof (R*) for which the following norm

||W||C§,E(R4) = Jwller.ep,) + Sl;[l) ((1 +r2)—6/2||w(r~)Hck,ﬁ(31,131/2)) )
is finite. We define the subspace of radial functions in CS’B (R*) by

Chl s(RY) = {f € C§P(RY) : f(z) = f(|2]) for all 2 € R*}.

First, we recall the surjectivity result of L. given in [1].
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Proposition 2.1 ([1]). For § > 0 and § ¢ Z, L : Cfagg(R‘l) Cga?” J(RY) s
surjective.

Denote by Gs the right inverse of L. By a perturbation argument, we obtain the
following result.

Proposition 2.2. There exists ag > 0 such that for all0 < a < ag if § > 0 and
d €N, then L, Cmd s(RY) — Cgl’ﬁ’&%(R‘l) is surjective.

Denote by Gs o the right inverse of L, given by G5 = G5 + O(a). Starting from
this section we will use the following notations:

R = (1))@t Dy and 7, := max(y/o,e!/ (@) (2.6)
for o := max(\, 7). Now, we are interested to study the equation of type
A2 —yAv — A[Vo|? = p* V(|z|) e’ =0 (2.7)

in B, _. As the first step, we will treat the case where 0 is a zero of the potential V,
so we can write V (z) = |z|**f(|z|), where f is a smooth function such that f(0) > 0.
This is equivalent to find a solution w of

A%w— (;)2/(@—&-1)

in Bg, .. We define

Aw — )\( )(‘1+1)|v | —24|1’|4af((€/7')1/ a+1)|x|) (2 8)

V=011, +h—log(f(0)) + H%/ng) (2.9)

where H'(:= H, ,) represents a lower order correction term (see 4, Lemma 1]) and
a priori estimate for H' is established, that satisfies orthogonality conditions with

respect to ¢ using maximum principle. Almost every H* is small, so that the boundary
condition zero is satisfied, that is, A2 H* = 0 in By, H =n, AH" =0, with

0B,

[H | gs6 5y < calnl, (2.10)
2 ( 1)

where, as already mentioned, B; denotes the unit ball in R* and for k € N, 8 € (0,1)

and § € R, the Holder weighted space C?’ﬁ (B}) is defined as the space of functions in
cnr

loc

(B}) for which the following norm
e sy = 2,7 Mews ey

is finite. Here Bf = By — {0}. We will look for solutions to (2.8) of the form v + v,
where v is a function which is small when compared with v. By Proposition 2.2 and
taking into account that H* is bi-harmonic, this is equivalent to solve

v =Gs5.a4 ©ERr. ,(N(v) + F1(v) + Fa(v)) := F(v) (2.11)
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in Bpg, ., where &, : CE&%&(BT) — CB;I%_(;(R‘I) is the extension operator defined by

€7

&(f) = fin By, & (f)(x) = 2=zl (r ﬁ) in Bo, — By and &.(f) = 0 in R* — By,
such that

10 (@)llgos sy < llwllgos s (2.12)

_ Ca |z|* i(-/Ry,c) v f((f/T)l/(a+1)|f|)
Nw) = T o para) |$|2(1+Q))4€H Roo)+h+ ( o) - 1)

Co |z|* h{ H'(/Rs:)+v
W (& (e ! v— v — 1) (213)

Ca |z|4a h
(1 eyt (&7 1)

Fi(v) =~ (;)2/ ("“)A(Hi(-/Rm) +0) (2.14)
and

i =3(5)

£\ oty
@D
T

We fix § € (O,min(1,4 - q)) forg € [1,4) and § € (0,1) for ¢ =4.
Given k > 0 (whose value will be fixed later on). Suppose that the parameter n
which appears in (2.10) satisfies

Slonathemim )

q

v(vl,l,a + h)’

nl < k5. (2.16)
Then, the following results hold.

Proposition 2.3. Let ¢ € [1,4), 6 € (0,min(1,4 — q)), a € (0,1) and 1, :=
max(y/a, e/ (@+2) where o := max(\,v). Given x — R(x), defined by (1.3), the
reqular part of Green’s function associated to the operator A2 and the Dirichlet boundary
condition. Let k > 0, 0, > 0 and €,, > 0 (depending on &) such that for all o € (0, ),
o€ (0,0k), € € (0,ex), and the constant T > 0 satisfy

[410g(r/77)] = ~(1+a) R(0)~log(f(0))+O  max(a, e/ @112 ) +0(2.,),

logre.«

where T. > 0 is fived. Then there exists a unique vy (= Va,o,e,7,y) solution of (2.11)
such that

va,ch;lﬁ(Rzl) < QCmrczf,s

and
v+ Ug,g =Vil,a T h — IOg(f(O)) + Hé,@('/Ro,s) + ’Da,me,r,m (2-17)

solves (2.8) in Bg, . Furthermore:
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(i) if max(a, €%/t Nr2 ) = o, then there exist ag > 0 and ¢ > 0 such that for all
a € (0,a9) satzsfymg (Ag ), we have

||h||ci’fi 6(R4) S 2¢c a,

(ii) if max(c, g9/(@+1)y2 &)= e/(et)y2 then there exist ag >0, g9 > 0 and ¢ > 0
such that for all o G (0, 00) and € G (0 €0), we have

5/(at1),2
”h”Cfﬁl,é(R‘L) S 2ce ro,a'
Proposition 2.4. Let ¢ = 4, § € (0,1), o € (0,1), roe := maX( 0,51/(0‘+2))

where o := max(\,7y). Given x — R(x), defined by (1.3), the regular part of Green’s
function associated to the operator A? and the Dirichlet boundary condition. Let the
constant T > 0 satisfy

[410g(/7)] = =(1+ Q) R(0) — log(£(0)) + O max(a,72..)) + O(2,),

log7s,c

where 7. > 0 is fived. Then there exists a unique v (= Va,o,e,7,ny) solution of (2.11)
we have

va,s ”c;ﬁ(RzL) <2c¢ T<27 €

and
v+ U?,E = U1,1,a +h— IOg(f(O)) + H;,G('/RU,E) + {}a,a,e,r,m (218)

solves (2.8) in B, . Furthermore:

(i) if max(a, 55/(0‘“) 2 .) = a, then there exist ag > 0 and ¢ > 0 such that for all
a € (0,a9), satzsfymg (A2 ), we have

||h||cffd 5(RY) < 2ca,

(ii) If max(e, 12 _) =12 _, then there exist oo > 0, €9 > 0 and ¢ > 0 such that for all

o,e

o € (0,00) and e € (0 €0), satisfying (Ase), we have
2
||h||cj£’6(R4) <2 Toe

Proof. We will obtain the desired existence results by means of a fixed point argument
applied to N, F; and F» defined by (2.13), (2.14) and (2.15), respectively. Indeed, Let
¢, denote constants which only depend on & (provided «, ¢ and e are chosen small
enough). We will prove that

INOlets g < exrZer 1P Otigy < exrie 1F2(0) gy < ex e
(2.19)
W (02) — A (o)

4.8
B¢ 0,min(14-0), gef.4) (2.20)
< ¢, max(a, e/ 12 )|jvg — U1||c4 (R4
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|V (v2) —N(U1)||C§,B(R4)‘5 o e < ¢, max(a, 77 _)|v2 — U1||C§’5(R4)’ (2.21)
€(0,1), g=
1P (v2) = Fa(wi)llgas ay < x5 cllvz = villess gy (2.22)
and
1F2(v2) = Fa(v)llan ray < enrsc o2 = villgan g (2:23)

4

provided vy, ve € C(;’B(R4) satisfy ||viHC§’ﬂ(R4) < 2¢r2 ..

Let ¢ € [1,4). From equation (2.10) and for the good estimate of n given by

] < cxr?., we have

||Hl(r : /Ra,s)Hcgﬁ(észl) < ¢k R;g In| < cx |77|52/(a+1)r;2 < e 52/(a+1)’
For |z| < R,./2, we have

|h(x)| < ¢ped/ (et 7’3,5 max(a, /@2 ) 0

)

as a or ¢ and ¢ tend to 0 (using the assumption (AJ.)), then

H(l |- [Pty 4| e gh (eHi(./Ra,E) _ 1) < cur?,

Cgfi;(BR(r,a)
a

Ild
I + . 2(0‘ 1) 4 . to GH ( /JCEYOL) h w )

¢y (Br,..)

< ¢, et/latl) < ¢ 7‘(2,78.

Then, the first estimate follows. For the second estimate, using the same arguments as
) ) g g
below,

hilens, sy < 2 max(ar, 74052 )

and provided H' satisfies the good estimate (2.10), then we deduce that

IF1O)lleos By, .y < ny (;)2/(Q+I)A(Hi('/Ra,s)>

cgfl(BRa,a)

< 057r3,_565(6_2)/(a+1) HHi('/RG,E) ) < ¢ 86/(a+1)rg',€

||C§’B(BRU,E
and

(0 ceX e/t for e9/(et )2 < o using condition (AY ),
” 2( )||C2f4(BRg,s) —= Cn)\Eé/(a+1) for o < 86/(a+1)7“(2,5.

For the proof of the contraction mapping, we first recall an important result which
plays an essential role in our construction (see details in [8] and some references
therein).
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Lemma 2.5 ([8]). Given x and y two real numbers, x >0, ¢ > 1 and for any small
n € R, there exists a positive constant Cy, such that

H“’ﬂ/lq — 29 < (14 n)qz? y| + Cyly| .

Indeed, making use, Lemma 2.5 and for h in B(0,2¢, max(a,s‘s/(a“)ris) of

Cfﬁl’é(R‘l), satisfying for each @ € Bg, _, [h(z)| < ¢, max(a,e%/(@+Dr2 ) — 0 as o or

o tends to 0, (under conditions (Ag .)), we get the desired results.
Next, let ¢ = 4. The proof is very similar. Making use of Lemma 2.5 and for
h in B(0,2c, max(a,r2,)) of Cf(fi’&( *), satisfying for each x € Bg, _, |h(z)] <

sToe

¢, max(a, 72 _) — 0 as « or o tend to 0 (under conditions (A2 ) if max(a,72.) =
or (Age) if max(a,r2 ) =72 ), we get the assertion.
3. THE NONLINEAR EXTERIOR PROBLEM
Now we intend to find a solution of the equation
A%y —yAv — AVo|? — pHz[**f(|z])e’ =0 (3.1)
in Q:m := B,, \{0}. First, we define
Vi=(1+a+0)G+xn H 5(/r0:), (3.2)

where ¢ a small parameter, x.,, is a cutoff function identically equal to 1 in B, /, and
identically equal to 0 outside B,,. Let G(z) denote the unique solution of A2G' = 64724,
in Q, with G = AG = 0 on 9. Recall that the following decomposition holds

G(x) = —8log || + R(x),

where x — R(x) is a smooth function and H®(:= HS 5) represents a lower order

correction term (see [4, Lemma 2]), where a priori estimate for H¢ is established, that
satisfies orthogonality conditions with respect to ¢; for i = 1,...,4 using maximum
principle. Almost every H€ is small, so that the boundary condition zero is satisfied,
that is, A2 H® =0 in R* — By, HleaB1 =1, AHleaB1 = 0 which decays at infinity, with

‘lH;,§||Ci’f(R4—Bl) < C‘ﬁ'a

where, as already mentioned, C?’ﬁ (R* — By) is the Holder weighted spaces defined as

the space of functions w € Clk O’f (R* — By) for which the following norm

wll s gy = 5D~ (e Yews (5, 5,):
r>1

is finite. As in Section 2, by perturbation, writing v = ¥ + ©. Then to solve (3.1) is
equivalent to solve

A2 = ptlz|* f(|z))e¥e® — A2V + yAF +0) + A\ V(¥ + )% (3.3)
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We use the fact that the bi-Laplace operator in weighted is invertible (see [1]) and
denote by Gs o Cg’i((_l*) — C?’ﬁ(ﬁ*) the right inverse of the A2 with Q* = Q — {0}.
Applying the fixed point theorem for contraction mappings, we conclude that the
following result hold:

Proposition 3.1. Given k > 0, 6 € (—1,0), there exist o, > 0, g, > 0 (depending
on k), such that for all o € (0,0,), for all e € (0,e,) and for small parameter 1),
satisfying (2.16), there exists a unique 0(= Ve 75) solution of (3.3) such that

Hf’”cgﬁ((z*) <2 Cnr?y,s

and
V+o=014+a+0) G+ xr, H;)S(-/rmg) + Vo e 7,7 (3.4)

is a solution of (3.1) in Q.

4. THE NONLINEAR CAUCHY-DATA MATCHING

We gather the results of the previous sections, keeping the notations. According to
Propositions 2.3 and Proposition 2.4, and the expansions given by (2.17) and (2.18),
we can find in each B, _ a solution of

Ay — yAv — N Vo|? — p* |2[* f(|z])e¥ = 0, (4.1)
which can be decomposed as

Vint (%) = Ve,7.0(2) + b (Ro,c®/74.c) —log f(0) + H} 4(2/Roc) + Va0, (Ro e /To,c)

2

in By, ., where the function v5 . = ¥a,0.e,r, satisfies |03 |10 ge) < 2cars .,
) ) ’ b S5 k)

Hh”c“'i JRY) <2¢ max(a,sé/(aﬂ)rg’s), forqge[1,4) and 6 € (0,min(1,4 - q))
and for h := A, we have
12| ga.5 J(RY) <2¢, max(a,r2 ), forg=4andd € (0,1).
rad, ’

Similarly, we use Proposition 3.1 and the relation (3.4) to find in Q* a solution v,
of (4.1) which can be decomposed as

Vegt = (1 + o+ @) G + Xro H;g('/ra,a) + 17075,7',7']7
where 9, € Cg’B(Q*) satisfies Hﬁg_rsHC;,g(Q*) < 2¢, 12, for 6 = —6 € (~1,0). Then
(Vint — Vext)(x) = —4log T + 89 log |z| + Hf]}@(x/rmg)

HE j(t/ree) — (14 RO) —log(f(0)  (42)
+ (9(1"[2,75) + O( max(a, 55/(a+1)r§,5)).
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Also, it remains to determine the parameters \,~, 7, 0,17, 6,6 in such a way that the
function which is equal to v;,; in B and which is equal to vz in is smooth.
This amounts to solve

To,e To,e

Vint = Vext, arvint = arvewh Avint = Avemta arA'Uint = 8TAUexta (43)

near 0B, _. Then the system we have to solve reads as follows:

To,e

(/\,'y,n,H,ﬁ,é, 0) = (’)(max(a,ri)s)). (4.4)

The nonlinear mapping (4.4) sends the ball of radius x max(a,r2 ) (for the natural

»loe

product norm) into itself, provided  is fixed large enough. Applying the Schauder
fixed point theorem in the ball of radius x max(a, ’I“?,)E) in the product space, where
the entries live the existence of a solution of equation (1.6) and a function wg . € chHP
(which is obtained by patching together the functions v;,; and the function vez)
solution of our equation and elliptic regularity theory implies that this solution is
in fact smooth, and the sequence of solutions we have obtained satisfy the required
properties. Namely, away from the point 0 the sequence wg . converges to (1 + a)G
if o and € tend to 0 or wg . converges to G if o tends to 0 (using conditions (Ag )
and (As.c)). This will completes the proof of Theorem1.3.

REFERENCES

[1] S. Baraket, M. Dammak, T. Ouni, F. Pacard, Singular limits for a 4-dimensional
semilinear elliptic problem with exponential nonlinearity, Ann. Inst. H. Poincaré C Anal.
Non Linéaire 24 (2007), no. 6, 875-895.

[2] S. Baraket, M. Khtaifi, T. Ouni, Singular limits for 4-dimensional general stationary
Q-Kuramoto-Sivashinsky equation (Q-KSE) with exponential nonlinearity, An. Stiint.
Univ. “Ovidius” Constanta Ser. Mat. 24 (2016), no. 3, 295-337.

[3] M. Clapp, C. Munoz, M. Musso, Singular limits for the bi-Laplacian operator with
exponential nonlinearity in R*, Ann. Inst. H. Poincaré C Anal. Non Linéaire 25 (2008),
no. 5, 1015-1041.

[4] M. Dammak, T. Ouni, Singular limits for 4-dimensional semilinear elliptic problem
with exponential nonlinearity adding a singular source term given by Dirac masses,
Differential Integral Equations 21 (2008), no. 11-12, 1019-1036.

[5] R. Mazzeo, Elliptic theory of edge operators I, Comm. Partial Differential Equations 16
(1991), no. 10, 1615-1664.

[6] R. Melrose, The Atiyah-Patodi-Singer Index Theorem, Research Notes in Mathematics,
vol. 4, A K Peters, Ltd., Wellesley, MA, 1993.

[7] F. Pacard, T. Riviére, Linear and Nonlinear Aspects of Vortices: The Ginzburg—Landau
Model, Progress in Nonlinear Differential Equations, vol. 39, Birkduser, 2000.



18 Sami Baraket, Safia Mahdaoui, and Taieb Ouni

[8] Y. Rébai, Weak solutions of nonlinear elliptic with prescribed singular set, J. Differential
Equations 127 (1996), no. 2, 439-453.

[9] J. Wei, Asymptotic behavior of a nonlinear fourth order eigenvalue problem, Comm.
Partial Differential Equations 21 (1996), no. 9-10, 1451-1467.

Sami Baraket (corresponding author)
SMBaraket@imamu.edu.sa

Department of Mathematics and Statistics, College of Science
Imam Mohammad Ibn Saud Islamic University (IMSIU)
Riyadh, Saudi Arabia

Safia Mahdaoui
safia.mahdaoui94@gmail.com

Department of Mathematics, Faculty of Sciences of Tunis
University of Tunis E1 Manar, Tunisia

Taieb Ouni
Taieb.Ouni@fst.rnu.tn

Department of Mathematics, Faculty of Sciences of Tunis
University of Tunis El Manar, Tunisia

Received: September 24, 2022.
Revised: November 4, 2022.
Accepted: November 5, 2022.



