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Abstract. A family of Dirichlet-Morrey spaces D)  of functions analytic in the open
unit disk D are defined in this paper. We completely characterize the boundedness
of the Volterra integral operators 7, I, and the multiplication operator M, on the
space Dy k. In addition, the compactness and essential norm of the operators 7, and
1, on Dy g are also investigated.
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1. INTRODUCTION

Let D be the open unit disc in the complex plane and H (D) be the set of all analytic
functions in D. Let H>° denote the space of all bounded analytic functions. For A > —1,
0 < p < o0, a function f € H(D) belongs to the weighted Dirichlet space DY if

1/p

[fllpy = [£(0)] + /If’(Z)I”(l = |21 dA(2) < o0,
D

where dA denotes the normalized area measure on D. When A = 1, p = 2, the space
DY coincides with the classical Hardy space H 2. When X = p, the space DY becomes
the Bergman space, denoted by AP.

Let 0 <p<oo, —2< g<ooand 0<s<oo. A function f € H(D) belongs to the
space F'(p,q,s) if

1/p

£l F(p,q,5) = [F(0)] + sup /\f’(Z)Ip(l = [211)(1 = |pa(2)[*)*dA(2) < o0,
acD 2
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where ¢, = == is a Mébius map that interchanges 0 and «. The space F(p, g, s)
was introduced by Zhao in [37]. From [37], when ¢ = p — 2, the space F(p,p — 2,s)
coincides with the Bloch space B if s > 1. Furthermore, F(p,p — 2,0) is just the
Besov space B),. When p = 2, the space F(p,p — 2, s) becomes the @, space (see [32]).
In particular, F'(2,0,1) is the BMOA space, the set of all analytic functions of bounded
mean oscillation.

For 0 < p < oo, —2< g<ooand 0 < s < oo, afunction f € F(p,q,s) belongs to

the little space Fy(p, q, s) if

. / P _ 22 q _ 2z 2)s z) = U.
(ﬂrﬁlw/V('Z” (1= 121)"(L = lpa(2)[*)*dA(z) = 0

Let g, f € H(DD). The Volterra integral operator T, and its associated operator I,
are defined by

T, f(2) = / FOG(OdC, T,f(z) = / F(Qg(Q)d¢, =z eD.
0 0

Obviously, Ty f(2) = My f(z) — I;f(2) — f(0)g(0), where M, f(2) = f(2)g(2) is the
multiplication operator. These integral operators, as well as their various generalizations
have attracted attention of many authors (see, e.g., [1-11,15,17-23,26-28,36] and the
related references therein).

For any arc I C 9D, let |I| = L [, |d¢| be the normalized arc length of I and

S(Iy={z=re? eD:1-|I|<r<1,e?cI}

be the Carleson box based on I. For 0 < s < oo, we say that a positive Borel measure
pon D is an s-Carleson measure if (see [17])

S(I
lulle = sup 25U oo
rcop |

For 0 < A < 1, a function f € H2(D) belongs to the analytic Morrey space £2*(D),
which was introduced by Wu and Xie in [29], if

1 2 |dn|
sup o [ 170 = fiIEE < .
I

ICoD

where

_ 1 |dn|
fr= |I|/f(7l)

2T
I

Li, Liu and Lou showed that T, is bounded on Morrey space £>*(D) if and only if
g € BMOA for 0 < A < 1in [10]. Let K : [0,00) — [0,00) be a nondecreasing and
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right-continuous function, not identically equal to zero. In [28], Sun and Wulan defined
a Morrey type space D3, which consists of all functions f € H(D) such that

_ 2\s
118, = 17O +sup 2120

2
D R = [af2) I © e~ f(@llpz < oo

They found some sufficient and necessary conditions for the identity operator I; from
D3, to T2 (i) to be bounded. Here T2 (i) is the set of all f € H(D) such that

2s
I1£]12 2 (1= lof? d

where 0 < s < 0o and p is a positive Borel measure on . Morrey type spaces have
received lots of attention and studied by many authors. See [3,12,13,18,28,29,31,33,34]
and the references therein for more results on Morrey type spaces.

Motivated by [28], in this paper we define a new Morrey type space Dy g as follows:
for —1 < X < 0, the Dirichlet-Morrey type space Dy i is defined as the space of all
functions f € H(D) such that
£l = O +sup Sy oo ol <
= sup —————5—||f o va — fla 00.

Dix K aeg K(l _ |a|2) ¥ Dy
For 0 < s < 1, if K(x) = 2(A*13 | the space Dy x coincides with the Dirichlet-Morrey
space Dy s (see [5]).
In this paper, we always suppose that the following condition on K holds (see [30]):

¢k (z)
/ e dr < oo, §>0, (1.1)
1
where K (s2)
ST
T) = su , 0<x<oo.
P (@) = 0<sI<)1 K(s)

Obviously, K (x) = zP satisfies inequality (1.1) for 0 < p < 4.

This paper is organized as follows: Section 2 characterizes some properties for the
Dirichlet-Morrey space Dy x. The boundedness of the Volterra integral operators T,
I, and the multiplication operator M, on the space Dy g is given in Section 3. In the
last section, we study the essential norm of the operators T, and I,.

For two quantities A and B, we use the abbreviation A < B whenever there is
a positive constant C' (independent of the associated variables) such that A < CB.
We write A~ B, if A< B < A.

2. SOME BASIC PROPERTIES

In this section, some basic properties of the space Dy i are given. First, we state two
lemmas as follows.
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Lemma 2.1 ([16, Lemma 2.5]). Let r,t > 0, s > —1 and t +r —s > 2.
Ift<2+s<r, then

1—|z?)® 1
A=) ae) < N
11— az|"[1 — Bt (1—[aP)y =21 —agp]

for any o, p € D.

Lemma 2.2 ([28, Remark 2.1]). Let 0 < o < 8 < 00 and K satisfy (1.1) for some
0 > 0. Then for all sufficiently small positive constants € < 9,

ko= (D) <)

Proposition 2.3. Let -1 < A < 0. Then Dy g C D}\. Moreover, Dy kg = D}\
if and only if K(0) > 0.

Proof. Let f € Dy k. Using the change of variables w = p,(2),

(1 _ |a|2)/\+1

00 > sup —————||f oo — f(a
aEI]I)D K( | |2) ||f ¥ f( )”D}\
(1 — |21 / A
=su °¥Yq) [(1—|2]%)"dA
ae% K= a?) [(foep |2[%)*dA(2)

—la >\+1
Zlé%;( | ||a| /'f (1= [w]) 71 (1 = [pa(w)?)*HdA(w)
> oy [ 1@l = o) (1= 0P dAw)
D
2 [ 170 - P aaw),
D

So f € D}, that is, Dy x C Di.
Next, we prove that Dy x = D} if and only if K(0) > 0. First, we suppose that
f € D3 and K(0) > 0. Using the monotonicity of K, we obtain that

EEPNTIPWS]
sup L2 Lo = @y

— |al2)2 2

< w1 - P e aac)
D

S 1710~ PdAG) < oo

Therefore, f € D) . Furthermore, Dy x = Dj.
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Conversely, assume that Dy x = Di. For any v € D, consider the function

f’Y( ]‘_|A/| / ’Yw 3_;,_)\7 z €D.
0

Applying Lemma 3.10 in [39], we get
~ A |7| 2\ ~
Iy = [ 17510 = P dAC: / T (1= A ~ 1
D

Thus, f, € D). Then

00 > wallpl 2 1 f5llps

|04| /\H 2\—1 2\ A+1
~ sgg et J IR0 R I A
|’Y| M_l 2\—1 2\ A+1
Z K e If = [217) 7 (1 = [y (2)[7)" T dA(2)
K(1- Ivl )’
which implies that K(0) > 0. O

Proposition 2.4. Let —1 < A < 0 and K satisfy (1.1). Then Dy x = F(1,—-1,A+1)
if and only if K(z) ~ 221,

Proof. Since

K(1—1of?)
1fllpa,-1a41) & sup 1fopa—fla)lp S W”JCHDA,K» acD,
and
(1 —[a)**
< A bt B
||f||D/\,K ~ Zlé% K(l — |Oé|2) ||f||F(1,71,)\+1)a
the desired result follows immediately. O

Proposition 2.5. Let —1 <X <0, v €D and K satisfy (1.1) for some § > 0 such
that § < 2X\ + 2. Then the function

_ KA =)A= M
f'Y(Z) - (1 _'_YZ)QAJ'_Q )

zeD,

belongs to Dy k.
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Proof. Using Lemmas 2.1 and 2.2, we have that

|Ol| AH 2\—1 2\ A+1
sup L2 ey | BI04

2/\+2K1_ /\+1 (1- 2\

s L PP R B = ) / E
e T e

< qup Q0PI FEQ = PP = ! !

S K(1— o) (= P = a2

2242
< ap KU=D) (1l
~ B R aP) \T=a]

1 a2\ 220
rg sup (|i.é|) 5 1u
a€ed |1 - Oé"y|
which means that f, € Dy k. O
Proposition 2.6. Let —1 < A < 0 and K satisfy (1.1) for some § > 0 such that
0 <A+ 1. Then for any f € Dy Kk,

K _ 2
@) < mllflm,w acD.

Proof. Tt is obvious that

"« 1 "()|(1 = |2?)"tdA(z
£ S gm0 AR
D(e,r)
— |z — 2)[H)M z
et /|f (= 1270~ [pa(2) P T dA(2)
<K<—|a|>

S Wﬂfﬂmr

Then Lemma 2.2 yields that there exists a constant ¢ € (0, ) such that

1

K _
)= 5O =a [ 1 (@945 % o '“' Bl
0

1

a c—
snfnm s " /1—|az|6 A2a)dz
0

< Ll —lob) a1
S A qapr i los s

which implies the desired result. O
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3. BOUNDEDNESS

In this section, we characterize the boundedness of Volterra integral operators
T, and I, on the space Dy . We begin this section with the definition of
p-Carleson measure for D}\. For -1 < A < 0 < p < o0, a positive Borel measure
p on D is called a p-Carleson measure for D} if for any f € D3, the identity operator
I;: D} — LP(dp) is bounded, that is, there exists a positive constant C' such that

[1sGipane) < cirip,
D

for all functions f € DX. Using Theorem 9 in [14], we immediately obtain the following
result.

Lemma 3.1. Let —1 < A < 0 and p be a positive Borel measure on . Then p is
a (A + 1)-Carleson measure if and only if u is a 1-Carleson measure for D}, that s,
for all functions f € D,

[15@ldu) £ 1501+ [ 1510 - 224 ~ £l
D D

The following theorem is the main result in this section.

Theorem 3.2. Let —1 < A < 0 and K satisfy (1.1) for some § > 0 such that 6 < A+1.
Then Ty : Dy k — D,k is bounded if and only if

geF(1,—1,A+1).

Proof. First, assume that T, : Dy x — Dy i is bounded. For each fixed arc I C dD,
let v = (1 —|I])&, € be the midpoint of I. Then for z € S(I),

1—7z|m 1=y = |I|=1-]|y

Consider the test function f,, defined in Proposition 2.5. Then

|Ol| ’\H 2\ A+1
00>81;5K1_| (T ) (A= |27 (1 = [pa(2) ) dA()

a /\+1
< sup Gl / T I~ 2270~ a2 dAC)

2 [ ig@la - 1A,
S(1)

which implies that g € F(1, =1, A + 1) (see [37]).
Conversely, suppose that g € F/(1,—1, A+ 1). Then

dpg = 19'(2)|(1 = [2[*) dA(2)
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is a (A + 1)-Carleson measure (see [37]). Let f € Dy k. For each fixed arc I C 9D,
let a = (1 — [I])&, & be the midpoint of I. Then

(1= la)*
T, =~ —_
” ngD)\,K ilelg K(l — |a|2)

x /I(Tgf)’(Z)\(l = 271 = |pa(2) )M A(2)
D

x /If(Z)Ilg'(z)l(l — )71 (1 = lpa(2) )M dA(2)

1_ |a|2 2242
d
W T /'f (u —az|> Hol7)

o (1= lal 2
sup ——————5—
web K(1—aP)

x / [f(@)lg" (DI = [2*) 711 = |pa(2) )M dA(2)

<E+F

Proposition 2.6 yields that

(1 —[a)M!
(1_ la) C2y=1/1 _ 2\ A+1
></(1_|a|2)A+1 19" (2)[(1 = [27) 77 (1 = [a(2)[7)" dA(2)
D
N Hf”D)\,K||g||F(1,71,>\+1)'

Next, we need to prove that

E /S ||fHD>\,K'
For this purpose, we consider the function

(L — o) 2(f(2) — f(a))

K(1—la?)(1 —az)*+2 -

Fox(2) = a,z € D.
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We will prove that F,, x € D5 and sup,cp [Fo,k[lp1 < [1flDs i - It is obvious that

(1 _ ‘Oé|2)2)\+2

sup || F, = su
Sp 1 elloy = Sup T [Py
i
< | [f (e |+/‘ — az) 2,\+2> (1= [2*)*dA(2)
(1= |af?)?r 2

=sup ————5—
achD K(l - |O[|2)

a2+
G=s
O}ég K1—|a\ / 1—az 2’\+2>

Applying Proposition 2.6, we obtain that

/() = F(O)| + G,

where

(1= [21*) dA(2).

A 12V20 42
up (Ll

A=) . < o 2\A+1 <
sup e Sl 1(0) = £0)] S sup(L— [0 oy < 1o

For the second term, we have that
— |af?)2r+2 (2)
G < su | /
ae% K(l ~aP) az)w

"rsup( _|Oé‘ 2>\+2/’ azf( )

acp K (1—af?) )2A+3

(1= [2[*)*dA(2)

(1 - [21*)*dA(z) = G1 + Ga.

It is obvious that

a 1—\a| ’\+1 (1— 2)-1(1 _ A1 A(2) <
LSS e ) |f 12197 (1 = lpa(2)[7) (2) S 1 fllps -
a€cD K 1 ‘ |

By the change of variables z = ¢, (w), we get that

|a| /\+1/ 1—|Z| ) INA+1
= — A
2= sup e oy [ 169~ H@I S oo )
— |af? AJrl/ (1 — [w[*)?
— -~ = dA .
(leé% K (1—1al?) [f o palw) = fla)] |1 — aw| dA(w)

It is well known that

(1 —Jul?)?
|1 —az|?

1 o palz) - \</|fowa dA(u).
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Therefore, employing Fubini’s theorem and Lemma 2.1, we have

— [a?)*! (1 — [uf?)? (1—z*)*
Go sup = o) //| —— —5-dA(u) ——dA(2)

a€D K 11— az|

‘Oé| )\Jrl
S sp L2 /W.fowa (1~ fuf??dA(w)

acD

(1= [2[»*
dA
“ | T —aaA%)

< “'M1/|o WI(L = uf?)? ! dAw)
su o — =
(m%zrl—\|2 #a) (1 = [uP) 1 — au|

< “'Hﬂ/|o WI(1 = ul?) dA(u)
su o —
aeﬂ% K 1- ‘ |2 SO

S 1o -

Thus, we see that Fox € Dy and supgep ||[Faxllpt S [Ifllpy - Since gy is
a (A 4 1)-Carleson measure, using Lemma 3.1, we obtain that

Esw/mMWAwwww&ﬂ@<mmK
This means that T, : Dy g — Dy i is bounded. O

Theorem 3.3. Let —1 < A < 0 and K satisfy (1.1) for some § > 0 such that § < A+1.
Then 1, : Dy g — Dy i is bounded if and only if g € H*.

Proof. First, suppose that I, : Dy g — Dy i is bounded. For r > 0 and each
v € D, let D(v,r) be the Bergman metric disc centered at v with radius r, that is,
D(v,r) ={z € D: B(v,z) < r}. From [39] we have

(1 - yf2)2 1 1
~ R , € D(v,r).
To7a S a—pee - a-ppr 2P0

Consider the function

K1 =) =y

f’)’(z) = 5/(1 —’S/Z)QA+2 ]

v,z € D.



Volterra integral operators on a family of Dirichlet—Morrey spaces 643

Clearly, f, € Dy x by Proposition 2.5. By the assumption we obtain that

(1 o) ot
o> sup el /Iff»y (1= o)1 (1 = [pa(x)2)1dA(2)
_ 1
s / g0 — 12P)7 (1~ [ (2)P)*1dA)

2)\+2
~/ mf/( (L= 12711 = [y ()Y H1dA(2)
D

71 z — 2[5! z
2= [ eI AR 2 la)

D(vy,r)

The arbitrariness of v implies g € H>.
Conversely, we suppose that g € H*. Let f € D) x. Then

(1 laP)

K{L- [

< LY @I 227 1= feal) P dA)
D

(1 —[a?)**
RSUp
acd K(1—lal?)

x /If’(Z)Hg(Z)I(l =271~ [pa(2) )M dA(2)
D

||Igf||DA,K ~ sup
aeD

(1~ lap )
< llgll e SUP W
/ £ =) (1= fpa ()P A()

N HgllHoollfIIDA,m
which means that I, : Dy gk — Dy k is bounded. O

Theorem 3.4. Let —1 < A < 0 and K satisfy (1.1) for some & > 0 such

that 0 < X+ 1. Then My, : Dyxxg — Dygk is bounded if and only if
geF(1,—1,A+1)NnH>.

Proof. Suppose first that g € F(1,—1,A + 1) N H*°. Employing Theorems 3.2 and 3.3,
we obtain that both Ty and I, are bounded on Dy g. Therefore, My : Dy k — Dy i
is bounded.

Conversely, suppose that M, : Dy g — Dy g is bounded. For v € I, set

_ KA - = )M
f’Y(Z) - (1 _ ’72’)2A+2 )

z € D.
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By Proposition 2.5, f, is bounded in D) x. Applying the assumption we obtain that
Mg fa € Dy k. By Proposition 2.6, we have

< KO = 2P 1My fy|lps i

|g(Z)f»Y(Z)| = |M‘]f’)’(z)‘ ~ (1 _ |Z‘2)>‘+1
< K(l - ‘Z|2)||MQH’DA,K‘>’D>\,K
~ (1= [z[2)*1

Since 7y is arbitrary, by setting v = z, we get
‘g(z)| 5 HM9||D)\,K‘>'DA,K7

which means that g € H*. Theorem 3.3 yields that the operator I, is bounded on
Dy k. Since Ty f(2) = My(z) —I4f(z) — f(0)g(0), then the operator T} is also bounded
on Dy k. We immediately obtain that g € F(1,—-1,A +1). O

4. ESSENTIAL NORM OF INTEGRAL OPERATORS

In this section, we study the essential norm of the operators T, and I, on Dy g. Recall
that the essential norm of a bounded linear operator L : W — @ is defined by

|L||e,w—q = irsgf{||L — Sllwsq @ S is compact from W to Q},

where (W, || - [lw), (Q.] - |lg) are Banach spaces. Clearly, L : W — @ is compact if
and only if | L|le w—g = 0. For some resent works on estimating essential norms of
integral-type and some related operators, we refer [4,25, 35, 38].

Let A and W be Banach spaces such that A C W. Given f € W, the distance of f
to A denoted by distw (f, A), is defined by dist(f, A) = infoea ||f — gllw-

The following lemma gives the distance from the space F(1,—1, A + 1) to its little
space Fo(1,—1,A + 1) (see [5]).

Lemma 4.1. Ifg € F(1,—1,A+ 1), then

|a] =1

1imsup/lg’(2)|(1 = 2171 = lpa(2) )M dA(2)
D

~ distp(1,—1,341)(9; Fo(1, =1, A+ 1)) = limsup [|g — gr || F(1,—1,3+1)-

r—1-
Here g-(z) = g(rz), 0 <r <1,z €D.

Lemma 4.2. Let —1 < A\ <0 and K satisfy (1.1) for some § > 0 such that 6 < A+ 1.
If g € Fo(1,—1,A+1), then Ty : Dy x — Dy k s compact.

Proof. Since Fy(1l,—1,\ + 1) is the closure of polynomials in the norm of
F(1,-1,X + 1), there exist polynomials P, such that ||g — Py p(1,-1,+1) = 0. From
the proof of Theorem 3.2, we see that

”Tg - TPn ||DA,K = ||T9_Pn||DA,K /S ”g - PHHF(I,—l,)\-‘rl) —0
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as n — oo. For a polynomial P, noting that Tp is the product of the multiplication
operator f — fP’, which is bounded by the boundedness of P’ on I, with the
integration operator f — foz f(&)d€, which is compact on Dy g (see [1]), we obtain
that T, : Dy k — Da k is compact.

Lemma 4.3. Let —1 < A <0 and K satisfy (1.1) for some § > 0 such that 6 < A+ 1.
Ifge F(1,-1,A+1), then T,, : Dx .k — Dy k is compact.

Proof. Since g € F(1,—1,A + 1), then g, € Fy(1,—1,A+ 1). Lemma 4.2 gives that
Ty, : Dy, x — Dy i is compact. O

Theorem 4.4. Let —1 < A < 0 and K satisfy (1.1) for some § > 0 such that 6 < A+1.
If g € HD) and T, : Dy xk — Dy i is bounded, then

glle, Dy xsDr e = distp,—1 241y (9, Fo(1, =1, A+ 1))

~ limsup ||g — grllF(1,—1,041)-
r—1-

Proof. Let {ay,,} be a bounded sequence in D such that lim,,_, || = 1. Set

_ K1~ an[?) (1 — [an )M
fn(2) = (1 — Gipz)2 2

, z€D.

Then {f,} is a bounded sequence in Dy g and f, — 0 uniformly on any compact
subset of D as n — oo. For each compact operator S : Dy g — D) g, similar to [24,25]
we have that lim, . ||Sfnl/Ds = 0. Employing Proposition 4.13 in [39], we get that

HTG - SH,D)\,K‘)D/\,K
Z limsup [|(Ty — S)(fn)llDs
n—oo

Z lim Sup(HTQfTLHDA,K - HanHD/\,K)
n—00

= lim sup ||TngLHD>\,K
n— o0

> 1 (1= Jan[*)*! a2yl 2)A+1 74
imsup ————— [ [fu(2)llg"(2)I(L = [21*) 7" (1 = |ga, (2)]°) (2)
n— 00 K |a |

< lim sup / Ig'(Z)I(l—IZIQ)‘l(l—I%n(Z)\Q)A“dA(Z)-

n—00
D(aup,T)

Since ay, is arbitrary, we obtain that

[ Tylle,Dr e Dr i 2 limjup/lg'(Z)l(l =271 = |@a, (2)P)*TdA(2).
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Conversely, Lemma 4.3 yields that Ty, : Dy x — Dy k is compact when 0 < r < 1.
So

1Tgllepr xc—Daxc < 1Ty — Ty, IDr k=D
= ||Tg_ngD)\,K—>D>\,K
S ||g - gr||F(1,71,)\+1)-
Employing Lemma 4.1, we get that
||Tg||57’DA,K‘>'D>\,K S limsup |lg — 9r||F(1,—1,,\+1)
r—1

~ distp(1,—1,341)(9, Fo(1, =1, A + 1)).

We immediately get the following corollary by Theorem 4.4.

Corollary 4.5. Let —1 < A < 0 and K satisfy (1.1) for some 6 > 0 such that § < A+1.
If g€ HD), then Ty : Dy x — D,k is compact if and only if g € Fo(1,—1, A+ 1).

Theorem 4.6. Let —1 < A\ < 0 and K satisfy (1.1) for some § > 0 such that § < A+1.
If g€ HD) and I, : D x — Dx k is bounded, then
||Ig||€,DA,K%DA,K ~ ||gHH°°
Proof. We define S and {«,} as in the proof of Theorem 4.4. Set
K(1 — Jom[*) (1 — o)
an (1 — ay2)2A+2 ’

Then we have that ||F,||p, , < 1 by Proposition 2.5. Since S : Dy x — Dy k is
compact, we have that lim, . [|SF,||p, , = 0. Thus

F,(z) = zeD,a, #0.

”Ig - S”/DA,K‘},DA,K Z;hlgsup ”(Ig - S)(FH)HDAK
thjUP(HIanHDA,K - ||SFTL||D,\K)
=lim sup ||Ian||D)\,K'

n—oo
From the proof of Theorem 3.3 we obtain that |1, F,|p, . 2 |9(cs)|. Then

||Ig||5;’D>\,K4)'DA,K Z ||gHH°°
Conversely, by Theorem 3.3 again, we have that
||IQH@»DA,K—>D>\,K = igf ”Ig - S||DA,K—>D>\,K
S Hgllps xc=pa e S Ngllaes.
This finishes the proof. O
By Theorem 4.6, we immediately get the following corollary.

Corollary 4.7. Let —1 < A < 0 and K satisfy (1.1) for some § > 0 such that
d<X+1.Ifge HD), then I, : Dy xk — D i is compact if and only if g = 0.
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