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1. INTRODUCTION

Let @ ¢ RN (N > 2) be a bounded domain with smooth boundary 9Q. Given
pi € CYQ), 1 <p; <pf < N with

p; = inf pi(z) and pF = supp;(z),
zEN zEN

we deal with the following quasilinear elliptic system
—Ap, ()i = fi(x,u1,uz, Vur, Vug) in €,
u; >0 inQ, u; =0 on 0, i =1,2,
where —A,, () stands for the p;(z)-Laplacian differential operator defined by

=D, (oyui = —div(|Vu, Pi@)=2qy,), for u; € Wol’pi(w) (Q).

The nonlinear terms fi(x,u1,us, Vuy, Vus) and fo(x,ur,us, Vur, Vug) which
are often expressed as dealing with convection terms, are of Carathéodory
type. Namely, for every (s1, s2,&1,&2) € (R%)? X R?N, we assume that f;(-, s1, s2,&1,&2)
is Lebesgue measurable in Q, and, for a.e. z € Q, fi(z,-,- ) is continuous
in (R*%)? x R?N. A solution of (1.1) is understood in the weak sense, that is, a pair

(uy,ug) € Wol’pl(m)(Q) X Wol’pz(r)(ﬁ) satisfying

/|Vui|p7‘(“)_2VuiV<pi de = /fi(x,ul,ug,Vul,Vug)goi dz, (1.2)
Q Q

for all ¢; € WoP"")(Q).
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Our main purpose is to establish the existence and regularity of solutions for
quasilinear singular convective system (1.1) satisfying the assumption:

(Hf) There exist constants M;, m; > 0, and functions v, B;,7i, 7 € C(£2), such that

“71'(93))7

miS?i(I)Sgi(x) < fi(x,s1,82,&1,62) < Mi(si“(””)sgi(“") + & vl &2

for a.e. x € ), for all 51,50 > 0and all £;,& € RN, i=1,2.

The dependence of the right hand side terms on the solution and its gradient
deprives system (1.1) of a variational structure. Thereby variational methods are not
applicable. Moreover, due to the presence of convection terms, even the so called
topological methods as sub-supersolutions and fixed points technique cannot be
directly implemented. Another important feature in studying problem (1.1) is that the
nonlinearities can exhibit singularities when the variables u; and us approach zero.
This occur through the following condition

(Ha”@ﬁ)
laf |+ 187 <p; — 1,

and
0 < min{y; ,¥; } <max{y, %} <p; -1,

where

F._ a; ifa;(-) >0, 5T = By if Bi(-) >0, i=19
af ifai(-)<0, 7 B if Bi(-) <0, o

Precisely, singularities appear in system whenever one of the exponents at least is
negative, that is, min{ay, as, 1, B2} < 0. This represents a major hurdle to overcome.
This difficulty is heightened by the very emphasized singularity character of (1.1)
that stems from (H, g.) when of + 87 < 0. In this case, hypothesis (Hy ) is
strengthened by assuming

Ho 4 If of + 37 <0, we have

1
|af|+\5f|ﬁw»

(3

and

o< < 20 o<,y < 2O fuaca

- ~ Npj(z) = Npji(z)’

Quasilinear convective system (1.1) has been rarely investigated in the literature.
Actually, according to our knowledge, [21] is the only paper that has addressed this issue
in the regular case, that is when all exponents are positive. Existence result is obtained
applying the recent topological degree of Berkovits. The virtually non-existent works
devoted to the singular case of convective systems is partly due to the involvement
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of the p;(z)-Laplacian operator. This fact results in the lack of properties such as
homogeneity making it highly challenging task to establish a control on solutions and
especially on their gradient. When p;(x) is reduced to be a constant, —A, ) becomes
the well-known p;-Laplacian operator. In this respect, by relying on the a priori
gradient estimate in [6, 8], the existence of solutions for singular convective systems
have been investigated in [7,9]. Still in the context of constant exponents, for singular
system (1.1) defined in whole space R we quote [16] while for the case of Neumann
boundary condition we refer to [15]. We also mention [2] focusing on a singular system
of type (1.1) corresponding to the semilinear case, that is when p;(x) =2 (i = 1, 2).

When convection terms are canceled, singular system (1.1) was recently examined
in [1,3]. In this context, depending on the sign of «a;(:) and B;(+), two complementary
structures for the system (1.1) appear: cooperative and competitive structure (see [1]).
Here, the important structural disparity of the latter makes nonlinearities f; and fo
(without gradient terms) behaving in a drastically different way. This fact has led
in [3] to consider only the cooperative system involving logarithmic growth while in [1],
a separate study corresponding to each structure is required. We emphasize that in
the present work, neither cooperative nor competitive structure on the system (1.1)
is imposed. In fact, these both complementary structures for the system (1.1) are
handled simultaneously without referring to them.

Our main result is stated as follows.

Theorem 1.1. Assume (Hy) holds. Then:

(i) under assumption (Hy g.~) with af +8;7 > 0, system (1.1) has a bounded (positive)
solution (u1,us) in Cy7 () x Cy7 (), for certain T € (0,1), satisfying

u;(x) > cod(z), for a constant cg >0, i=1,2, (1.3)

(ii) under assumption (Ha ), system (1.1) admits a (positive) solution (u1,us)
in (WeP*@(Q) 0 Lo (Q)) x (W2 (Q) N L=(Q)) satisfying (1.3).

Our approach is chiefly based on Schauder’s fixed point theorem. In this respect,
comparison arguments as well as a priori estimates are crucial to get the appropriate
localization of the desired fixed point which is actually solution of (1.1). This is
achieved through a control on solutions and their gradient which in itself represents
a significant feature of our result. At this point, the choice of suitable functions with
an adjustment of adequate constants is crucial. However, this would not be enough
without making use of the new Mean Value Theorem (cf. Theorem 6.1 in Appendix)
that is decisive to offset the lack of homogeneity property and to deal with the variable
exponents attendance. It should be noted that the Mean Value Theorem is a key
ingredient in getting the gradient estimate thus generalizing that corresponding to the
case of constant exponents problems stated in [6,8].

The rest of the paper is organized as follows. Sections 2 and 3 establish gra-
dient estimates and a priori bounds. Section 4 deals with comparison properties.
Section 5 presents the proof of the main result while Section 6 contains the new Mean
Value Theorem.
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2. A PRIORI ESTIMATES

Let Lp("”)(Q) be the generalized Lebesgue space that consists of all measurable
real-valued functions u satisfying

Pp(z) (u /|u )P@dz < +o0,

endowed with the Luxemburg norm

. u
[[wll () = inf {T >0 Pp(a) (;) < 1} .

Recall for any u € LP(*)(Q) it holds

— + .
{IIUIIﬁ ) < o) (1) < lullpe 1 flull,q) > 1,
lllpay < Potey () < Nullfyy 3 llullyiey < 1,

and "
Hu||p(x) = a if and only if pj,) (g) =1. (2.2)

The variable exponent Sobolev space W1*()(Q), defined by
W) (Q) = {u € LP@)(Q) : |Vu| € LP@)(Q)},

is endowed with the norm |[ul|; .,y = [Vul|,) which makes it a Banach space.
The interested reader may consult [13,18] for more details on Orlicz—Sobolev spaces.
In the sequel, d(x) := d(z, ) denotes the euclidean distance of z with respect to the
boundary 9.

The next lemma is a slight modification of [21, Lemma 5.1] which will be useful

later on.
Lemma 2.1. Let k,m € L™(Q) be two real and positive functions with m~ > 0.

(o)
If u € LF®) (Q) then u™®) € L#& (Q), and there exists xo € 1 such that

m(zo)

|||U|m(m)|‘;<(a;>) = [lullga

Proof. On account of (2.2), the Mean Value Theorem [4, Theorem 5] ensures the
existence of g € Q such that

k
juf u [l
1= P k(x) W = || || ( )k(w) dx
(z) U (= U m(z
" == Q k(@) H|u m( I)H k((t)
m(z)
& k
) " lullj s
= k(zg) Pk(z) = k(zg)
H|'U:1|m(z) r’?("’%o) ||qu(m) |||u|m(z) 7;’("%0)

showing the desired identity. O
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A priori gradient estimate is provided in the next lemma. It is a partial extension
of [6, Lemma 1] to problems involving variable exponents.

Lemma 2.2. Let h € L*(Q) be a nontrivial sign-constant function and let
u € Wol’p(m) (Q) be the weak solution of the Dirichlet problem
—Apyu = h(zx) in Q, u=0 on . (2.3)

Then, there exists a constant l} > 0, depending only on p, N, and €, such that

IVulloo < kpllhl1& g (24)
with
+ . P~ if [[hlle > 1,
et il <1

Proof. First, assume that |||l < 1. Multiplying (2.3) by ¢ € Wol’p(')(ﬂ)7 with ¢ > 0,
and integrating over {2 we obtain

/\Vu\p 227y Ve dac—/h x)p dr < /gp dr = /\Vﬂp(r —2VEV e dr,
Q

where £(z) is the p(z)-torsion function defined by
—Apyé=1inQ, £=0on 0.

in [12] ensures the existence of comnstants 7 € (0,1) and k, > 0 such that
lullca, @ S Fip-

Now we deal with the case ||h|lcc > 1. By Theorem 6.1 in the Appendix, there
exists zg € € such that

The weak comparison principle implies [[ufc < [|£]|cc While the regularity theorem

/IV(IIhll&?’l u) P~ QV(IIhH” “u)Vep dr

—(p(z)—1)
/||h|| P VuP) Vv da

—(p(zg)—1) —(p(zg)—1)

= [l / Va2V do = [+ [ bl do

Q
—(»— 71)
< hl /h <pda:—/Hh|| Uz cpdx</ da.

Thus, in view of the previous argument, it follows that

—1

IRll& " ul1a < Ky,

showing that (2.4) holds true. This ends the proof. O
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The case when h in (2.3) is not an L*°-bounded function is handled in the next
lemma which provides an a priori L>-estimate of solutions for (2.3).

Lemma 2.3. Assume h € LP' @) (Q) 0 LN (Q) in (2.3). Then, there exists a constant
C > 0, depending only on N,p and 2, such that

lulloe < C RIS (2.5)

with
+._Jp 17l vy > 1,
ptif Ay <1

Proof. For each k € N, consider the set Ay, = {z € Q : u(z) > k}, where u is the
solution of (2.3). Thus, to prove (2.5) amounts to show that
|Ai| =0 for any k > ko,
where
ko = C bl oy (2.0

with a constant C' > 0 that will be chosen later on. By contradiction assume that
there exists k > ko such that |Ag| # 0. Testing (2.3) with (u — k)™ leads to

(z) _
/ V@ g = /h () (u = k)" da < [hll oy [0 = B | ey - (27)
Ak Ak

One has
[19ap do = |9l + 19l
Ay

where A, == A, N{|Vu| > 1} and A} = A, N{|Vu| < 1}. Holder’s inequality together
with classical Sobolev and Lebesgue embeddings imply

Lp+ A+)3

= 1 ) < / Valda
(2.8)
<o (|A T IVl gy + AL 19l ).
as well as
+ =
||VUHZD¢(A¢ 2 [ Vull o= *ah IVl Ai)|A e )p
_ 7T*1 +_

2||vu||Lpi(Aki)(Cl1||UHLN'(Aki.)|A;ct| ot (2.9)

-1 + %_% pT—1
> ||vu||Lpi(Aki)(C1 k|Ak|N r) )
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for a certain constant Cy > 0. Then, gathering (2.7)—(2.9) together, we infer that

2 po1 "
P e G A [ RN P

T e s (2.10)
HITUlrs gy [(CTHALIT 571 = € vy 1411 | <0
Now, fix C' > 0 in (2.6) as follows

C = max{C¥ - Cp }|Q|1_7
Then, for k > ko, it follows that

(O A ¥ = Oy [l ey [ 42175 2 0
1 k ? 1 ||LN(Q)‘ kP 2 U,

which contradicts (2.10). This completes the proof. O

3. AN AUXILIARY SYSTEM

For each (z1,292) € Wol’pl(x)(Q) X VVOLPZ(I)(Q)7 we consider the auxiliary problem

_Apz(fr)ul = fi(l‘,zLZQ,VZl,VZQ) in (P )
u; =0 on d9, i=1,2. (21,22)

Lemma 3.1. Assume (I:Iaﬁ,,y) holds. Suppose that
zi(z) > ed(z) and ||Vzillp, @) < L, (3.1)

for some constants ¢, L > 0 independent of z, and zy. Then, for L large enough,
problem (P(., .,)) admits a unique solution (ui,uz) in I/Vol’pl(gc)(Q) X Wol’m(x)(Q)
satisfying

IV u; pi(e) < L, i=1,2. (3.2)

Proof. First, we claim that

fi(-, 21,20, V21, Vo) € LP@(Q) 0 LN (Q), for i = 1,2. (3.3)
We only show that f; € LPi(*)(Q) in (3.3) because f; € L™ (Q) can be justified similarly
by substituting p}(-) with N in the argument below. By (Hy), we have

”fl ('7213227VZ17VZ2)”1)2(1.) (3 4)
< M; (IIZO”() ey + V21 7: () {p;(x)). '

7i(+)

pi(x)

Lemma 2.1 together with (H,,5.,) imply

() il = ne) 7=)
H|Vz1| Hpg(wﬁ H|V22 ’ e = 1Vt VIV (35)
< (vall ) 4 v 6D,
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for certain z§, 2} € Q and a constant C' > 0. From 3.1 we have

I(Ed0) POy i, BF <
Dy < < (@) >zﬁ1 || e faf <0< 87,
1d(-))5 022y i BF <0<y,

EREs

By (H, 5.), Holder’s inequality gives

i@ ())% s

v (2) if a?‘,ﬁi‘" <0,
@SN v 15 i <0< 87,
N (8@ pie)

!|<éd<->>ﬁf“H v Nl i B <0 <0

lep;(:l:)oci(:l;)

123025V llyy ) < Co

(3.6)
Observe that

/ () (@ @+ @ @) gy

Q

_ / () @ @B DR g 4 / ()@@ EDR ) gy
(d>1} {d<1}

<9+ / d(z)@ D@ gy,

{d<1}

Then, owing to [20, Lemma on page 726], which is applicable since (o +8;7) (pi)* > —1
(see (Hq,g,y)), we infer that

/ d(x) (@ @HF@IPI) gy < 400, (3.7)
Q

Thence, from (2.1), we derive that
1(@d(-)* OOy ) < +o0. (3-8)

On account of (H, 5. the same conclusion can be drawn for the cases a7 <0 < f;°
and B;r < 0 < a; . Hence, a similar argument as above produces

D O s+ DO s <o g

N —p[(2)B; (@) NT—p] () (@)
Reporting (3.8)—(3.9) in (3.6), by Lemma 2.1, there exist x%, 2% € Q such that

5540 Oy < L0+ 1" g+ 1Oy )
= G+ allg P+l g,
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where Cy > 0 is a constant. The Sobolev embedding Wol’pi(z)(Q) — LV'(Q) together
with Holder’s inequality lead to

PO Oy < CL1+ [V

||z )7 (3.10)

pP1 (JE P2 z)

for some constant C; > 0. Gathering (3.4), (3.5) and (3.10) together it follows that

Ifi (-, Z1a22»V21»Vz2)||pg(z)
< Co(1+ Ve[l

p1(x)

7. (z1) (3.11)

Vi z§
( 0) Pz(ﬂﬂ) )’

p1(z)

21|

p2(z)

for certain constant Cy > 0. Repeating the argument above by starting in (3.4) with
N instead of pj(-) and by using (Hq g.), we get

||fl ('721,Zg,v217v22)||N

< C’g(l—F HvleMi(iz)\ + HVZZH‘B (&%)] + Hle”"/z(lo + ||VZQ 71'(731))

< Coll + [V 2 ] g menl BTG

where Cy > 0 is a constant. Hence, on the basis of (3.1), the claim follows.
Consequently, the unique solvability of (P., .,)) comes directly from the
Browder—Minty Theorem (see, e.g., [5]).
The task is now to show that the estimate (3.2) holds true. Thanks to Lemma 2.1,
there exist zi € Q such that

||vuz

(=) / Vg P (3.13)

Testing (P (., .,)) with (u1,u2), Hélder’s inequality and the embedding
Wy P () < LN (9)

entail

pi(z)dﬂié/fi (@, 21,22, V21, Vo) urde

/ [V,
Q

< Co|lfi (-, 21,22, V21, V22) || y [ Vs

(3.14)

pi(@)>
for a constant Cy > 0. Combining (3.13)—(3.14) with (3.12) and bearing in mind (3.1),
one derives that

1

Vuillp, z) < [Co I fi (- 21, 22, V21, V22) || RS

< 03(1+ ||VZ ||;n”z);{|az($z)\»%(%)} + Hv ”;f;a’;g\ﬂz(xa)\’71(581)})1%(14) 1

< Cy(1 4+ Emaxllon @)l (@)} 4 Lmax{\@(%)\,w(xl)})mzzH < I
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provided that L > 0 is sufficiently large, where Cs > 0 is a constant independent of z;.
This is possible because, according to (Hq g,,), one has

max{|a(25)], |8 (25)],7i(#5), 7:(21)} < pi(al) — 1.

This completes the proof. O

Lemma 3.2. Under assumptions (Hy) and (Hqa g ~), for (21, 22) satisfying (3.1), there
exists a constant L > 1 independent of z; such that every solution (ui,us) of (P(., .,))
belongs to L () x L>(Q) and satisfies the estimate

l[will oo < L- (3.15)

Proof. It is a direct consequence of Lemma 2.3 where (3.12) as well as (H, 5,4) and
(3.1) are used. O

4. COMPARISON RESULTS

Let &,& .5 € CH7(Q), 7 € (0,1), be the solutions of the Dirichlet problems

—Ap,@éi(r) =1in Q, &(z) =0 on N (4.1)
and
A Eig(x) = {1_1 E gé\g‘* . &is(z) =0 on dQ, (4.2)
where

Qs = {x € Q:d(z) <},
with a fixed § > 0 sufficiently small.

Lemma 4.1. There are constants 7 > 0 and cy, kp, , kp, > 1 > cg such that
cod(z) <& s(x) < &i(x) < cad(x) for all x € Q (4.3)

and
||fi,5||cl,f(ﬁ) ’ ||fi||cl,f(ﬁ) < kpw i=1,2. (4-4)

Proof. From (4.1) and (4.2), it is readily seen that & s(x) < &(z) for all x € Q,
for i = 1,2. The Strong Maximum Principle together with [1, Lemma 3] entail
&i.5(x) > cod(x) in Q, for § > 0 sufficiently small in (4.2) while, invoking Lemma 2.2,
we infer that (4.4) holds true. Moreover, using (4.4), a similar argument to that in the
proof of [9, Lemma 3.1] shows that the last inequality in (4.3) is verified. This ends
the proof. O
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For a constant C' > 1 set
u; = C_lfiﬁ and u; = Cfl (45)

We claim that ; > u; in Q. Indeed, observe, from (4.1) and (4.2), that the integrals

/ V& 5|72V 5V s da, (4.6)
Q\Qs

- / V& P72V 5V s da, (4.7)
Qs

Pi(@) =276V o, d, (4.8)

/ V&
Q

are positive for all ¢; € W, * @) () with ¢; > 0. This is crucial so that Theorem 6.1 in
the Appendix is applicable. By (4.5) and thanks to Theorem 6.1, there exist z}, 22 € Q

such that
/ |V,

Q
_ /C—m(m)fnw&é
Q

pi(m%zV@iV(pi dx

Pi@)=2y¢,; sV; da

_ / C- @Dy, ;
Q\Qs
,/(70*@1‘(1)*”\%1,5
Qs
_ o—mutah-D) / (V& 5P )72V, 5V, da
O\Qs

_gf<pi<z?>71>/(_|v§i76

Qs

Pi@)=2y¢, sV, dx

Pi@)=2g¢, sVp,;) dx

Pi@) =2y, sVp;) d.

Using (4.2) we obtain

/ |V,
Q

Pi@) =27y, Vo, do = O~ (@i(z)—1) / @ do — o~ (@i(zd)—1) /%‘ dz

Qs Qs

<Cc~@ =D / w; dx — c—e; -1 /api dx.
9\55 Qs

(4.10)
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Again, Theorem 6.1 and (4.1) imply

/IVﬂilp"‘”‘)‘vawi de = /Cp'i(w)_l\V§z‘|pi(x)_2v&vsﬂi dx
Q

Q
= et [ [9g 26T do (4.11)
Q
> cpi 1 / A AV e o / i da,

Q Q

for certain ¥ € Q). Then, combining (4.10)—(4.11) together implies

pi(z)_QVﬂng@i dx,

/\Vgi|p7‘(m)_2Vgngoi dmﬁ/\Vﬂi
o) )

for all p; € Wol’p"(x)(Q) with ¢; > 0, provided that C' > 0 is large enough. This proves
the claim.

Set
R = max{l,kp}, (4.12)

where ky, and k,, are given by (4.4). The following results allow us to achieve useful
comparison properties.

Proposition 4.2. Assume (Ha g, ) is fulfilled with of + 8;7 > 0 (i =1,2). Then, for
C > 0 large enough in (4.5), it holds

u Dy ifar, BT >0
Ay <m QP et <0< g inQ, (4.13)
w0 < af

ay W ifar, BT >0
— Ay, (@) > 2M(RC)™ 0T A0 { @ @78@) ir 0t <0< B7 in Q, (4.14)
ay @i <0 <af

where R > 0 is provided in (4.12), fori=1,2.
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Proof. Assume «; , 3; > 0. From (4.5) and Lemma 4.1, we have
mi/uixi(f)ggi(l’)% dz = mi/C_(ai(xHBi(x))fii;(I)fgf(;(x)Lpi dz
Q Q

> m, / (Ceg )~ (@@ +B: @) gy s @B o, g

Q
(4.15)
> mi(chl)_(o‘jJrBj) g BT / i dz + /d(m)ai($)+6i(””)gpi dz
Q\ﬁg Qs
>~ —D / w; do — c—er -0 /goi dz,
Q\ﬁg Qs

for all ¢; € Wol’pi(w) (Q) with ¢; > 0, i = 1,2, and for C' > 0 large enough. Thus,
combining (4.10) together with (4.15), we infer that

/ |V,
Q

for all ¢; € Wol’pi(z)(ﬂ) with ¢; > 0, for ¢ = 1,2. This proves the first case in (4.13).
Next, we show (4.14) for a; , 8, > 0. Using (4.5), (4.12), (4.1) and (4.11), it follows
that

pi(m)72vﬂiv‘ﬁi dz < mi/g(fi(x)ggi(m)(pi dz,
Q

M, / (@ Dy ™ 4 2(RO)mOT A g, de
Q
= M; / (Cou@+B@) @@ 4o poymaxtri A g, de
Q
+

< M, [0 RO a(ROYET T o,
Q

< MR maX{Caj'Jrﬁf’Cmax{’Y?ﬁ:—}}/(pi dz
Q

Q

Q

pi@)*?vmv% dzx,

for p; € Wol’pi(w) (Q) with ¢; >0, ¢ = 1,2, and for C > 0 large enough.
Now, we deal with the other cases in (4.13) and (4.14) with respect to the sign of
the exponents. We only prove the inequalities corresponding to the case oz;-" <0< B
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because the complementary situation B;r < 0 < a; is carried out in a similar way.
So assume ;" < 0 < 3;. On account of Lemma 4.1 and (H, s.-) one has

/ Co@—Bi@) i) @) o gy
Q

_ _ — + a” X X
> C% _BJR“I' (Coé)ﬁj p; de + C% —chng ¢’ /d(x)“’i(ZHBi(l)gpi dz

Qs

o)
S—

for all ; € Wol’p'i(w)(Q) with ¢; > 0, provided that C' > 0 is large enough. Then, on
the basis of 4.5, (4.1), (4.2) and (4.10), one gets
mi/ﬂ?"’(m)ggi(m)cpi dz > /|vui|m(ﬂc)—2v%v% dz.
Q Q
Next, we show (4.14) when o < 0 < B;. By (4.12), (Hap), (3.15), (4.3) and
Lemma 4.1, it follows that

M, / (@@ @ L o(Roym il A g, da
Q

— M’L/(C—a1(1)+61(w)§1(17%(1)£§1(I) +2(Rc)max{'yi+,'_yi+}><pi dx
Q

(4.16)

_ — + o -

< Mo +8; (cod)% RAS / ©0; dx—|—cf" cy’ /d(a:)o‘i By da
O\Os Qs

+2(RC)maX{7i+ﬂj—})‘/<Pi dr < Cp;71/¢i dz,
Q Q

for p; € Wol’p'i(x)(ﬂ) with ¢; > 0, provided that C' > 0 is large enough. Thus, gathering
(4.11)—(4.16) together yields

/ IV P2V, Vg, do > M,y / W @@ 4 o(rOym T A N pyde. O
Q Q

Proposition 4.3. Assume (Ha ) is fulfilled. Then, for C > 0 large enough in
(4.12), it holds
Lo‘i_ggi(x) ifaf <0< B
Dyt <mi Q LA udi ) if gt <0< a; inQ, fori=1,2,
Lo TP if ol Bl <0

where the constant L > 1 is provided by Lemma 3.2.
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Proof. Assume o < 0 < ;. The case 8;" < 0 < a; can be handled in much the
same way. By (4.5), (4.3) and (4.10), one has

mi/L“;ugi(I)%dﬂf =m; L% /(0—152’5),&(1)%(1%
Q Q

> m; L% 0% /(Cod(x))ﬁi(x)%dﬂf
Q

> m; L O ((cg0)P / pida + / (cod ()P pdz)
Q\ﬁ(s Qs

2 / V[P~ Vu, Vpida,
Q

for all ¢; € Wol’pi(w)(Q) with ¢; > 0, and for C > 0 large enough. If o, ;" < 0, from
(4.10), it follows that

mi/LO‘;+5;<pidx =m;L% TP / @idx+/g0idx
Q O\Qs Q25
Z/W!i
Q

for all p; € Wol’pi(z)(Q) with ¢; > 0, provided C > 0 is sufficiently large. This ends
the proof. O

P2 Ty, Vyde,

5. PROOF OF THE MAIN RESULT

5.1. CASE o] + 8 >0

Using the functions in (4.5) as well as the constant R > 0 in (4.12), we introduce the
closed, bounded and convex set

Ke={(y1,y2) € C(Q)* 1 u; <y <% in Q and |Vyl|, < CR}.
Define the map
T:Kc— C&(ﬁ) X Cé(ﬁ)v (21,22) = T(21,22) = (ulau2)(z1,Z2)a

where (u1,us2) is required to satisfy (P(;, .,)). It is worth noting that solutions of
problem (P, .,)) coincide with the fixed points of the operator 7. To reach the
desired conclusion, we shall apply Schauder’s fixed point theorem.
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For (z1,22) € K¢ we have

w Iy it ar B >0,
Z?i(f)zgi(x) < Q?i(w)ﬂgi(x) if ozj_ <0< 62—7
7@y i gt <0< a;
In ©, using (4.5) together with Lemma 4.1, we obtain
Ol 48 d(z) @A) if a7, BT >0
20100 < L omai +87 gy @+Bi@) if of <0< B
CoT B d(z) @ FAE) i g <0< af
Co B diam(Q) (@8 if o BT >0
< { O B diam(Q) 4 (@F8:@) i oF <0 < B
coi =B diam(Q) @) +8i@) if B <0<aj.
Thus, we derive from (Hy), (4.5) and Lemma 4.1 the estimate
|fi<$,21,22,v21,v22)‘ S Ml(zixl(x)zgl(x) + ‘VZ]-I’YL(E) + ‘VZQWL(I)) (5 1)
< Micier A Ly § 2 Ry ) '

where constant Ly > 0 is independent of C.
Consequently, the unique solvability of (u1,u2) in (P, .,)), which is readily derived
from Minty Browder’s Theorem (see, e.g., [5]), guarantees that 7 is well defined.

Moreover, the regularity theory up to the boundary in [12] yields (u1,us) € Co'™ ()2
for certain 7 € (0,1) and a constant R > 0 such that it holds

il - @) < B- (5.2)
Proposition 5.1. K¢ is invariant by the operator T .
Proof. Using the fact that z1, 20 € K¢, it follows that
u S o BT >0
zf‘i“)zﬁi(m) > ﬂfi(x)ggi(z) if af <0< pB; inQ.
Ol i gt <0< af
Then, bearing in mind (Hy) and Proposition 4.2, the weak comparison principle entails
w <yp <7 and wy < wug < Up in Q. (5.3)
On the other hand, since max{|a5| + |3F|,v;", %"} < p;” —1, it follows from (5.1) that
|fi(x, 21,22, V21, V22)| < (CR)P: 1,
provided that C' is sufficiently large. Hence, thanks to Lemma 2.2, we infer that
[Vui|l o [[Vuz |, < CR. (5.4)

Consequently, gathering (5.2)—(5.4) together yields (uj,u2) € K¢, showing that
T(Kc) C Ke. O
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Proposition 5.2. T is compact and continuous.

Proof. On the basis of (5.2) and the compactness of the embedding C17(Q) C C}(Q2)
we infer that 7 (C{(2) x C}(2)) is a relatively compact subset of C}(2) x C§(£2). This
shows the compactness of the operator 7.

Next, we prove that 7T is continuous with respect to the topology of
CE(Q) x CL(Q). Let (21,n,220) — (21,22) in C(Q) x CL(Q) for all n. Denoting
(U1,n,u2.0) = T (21,n, 22,n), Wwe have from (5.2) that (u1,,u2.,) € CH7(Q) x C7(Q).
By the Ascoli-Arzela Theorem, there holds

(U1,ns U2,m) = (U1, u2) in C3(Q) x C3(Q).
On the other hand, for z1, 29 € K¢ one has
fi(®, 21, 22, V21,0, V2on) = fi(x, 21,22, V21, V2a) € WLP)/(Q),

Thus, we conclude that 7 is continuous. O

5.2. CASE of 4+ 8 <0

Using the functions u; (i = 1,2) in (4.5), the W?i(*)_ gradient estimate L in Lemma 3.1
as well as the L*°-bound L in Lemma 3.2, we introduce the set

Ki; =< (y1,92) € H Wol’pi(w)(Q) tu; <y, < Lin Q and [V, ) < Ly,

i=1,2
which is closed, bounded and convex in Wol’pl(x) (Q) x Wol’m(m) (). Define the operator
T Ky = Won D@ x WO @), (21,22) = Tl 22) = (wr,w2),

where (u1, uz) is required to satisfy (P ., .,)). On account of (4.3), (4.5) and Lemma 3.1,

we deduce that (u1,u2) is the unique solution of problem (P, ,)). Then, the map T
is well defined.

Proposition 5.3. The set l@i is invariant by the operator T.

Proof. For any (z1,22) € ICE, combining (Hy) with Proposition 4.3 we derive that
u; > u; in Q (i = 1,2). Moreover, Lemma 3.2 implies that u; < L while Lemma 3.1
ensures that there exists a large constant L > 0 such that ||Vyi||pi(x) < L. Hence,

u; € K establishing that 7(K;) C K;. O
Proposition 5.4. The map T is compact and continuous.

Proof. Let (z1,n, 22.n) — (21, 22) in Wol’pl(w)(Q) X Wol’pz(m)(Q), that is,

(Z1ms 22.n) — (21, 22) in LPY@(Q) x LP2(@)(Q)
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and
N N
(V21 Vazg) = (Va1,Va2) in (DO(@)) " x (1720(9))

with (21, 22,n) € I@L. According to [14, Theorem 2.4], the whole sequences (21, 22,n)
and (Vz1,,, Vza ,,) converge in measure to (21, 22) and (Vz1, Vzg), respectively. Con-
sequently, given that the function f; is of Carathéodory type, one can write

fi(2,21,0(2), 22,0(2), V21,0 (2), V22,0 (7))
— fi(z, z1(x), 22(x), Va1 (x), V2o (z)) for a.e. x € Q.

Again, [14, Theorem 2.4] ensures that (Vzi,,Vza,) converges to (Vz1,Vze) in
modular, that is
Jim py, (@) (Vzin — V2) =0,

or equivalently

(V21 — V2 [P*® [ V2p0 — V2o |2)) = 0 in LY(Q) x LY(Q).

Then, there exists a subsequence (|Vzq,,, — Vz1|p1(z) V22, — Vzl|p2($)) and posi-
tive measurable functions (g1, g2) € L*(R2) x L*(Q2) such that

_ p1(z) <
{|VZ1*”’< () = Vi (2)] < 91(z) for a.e. x € Q. (5.5)

V2 () = Vo ()21 < go(2)

Here, it is worth noting that z; € [u;, L] since z; ., € [u;, L] . Moreover, from Lemma 4.1
and (4.5) it holds

in(w)gg"(w) if o, 8 <0
Zi;fw)zg,léaj) S H(llz(m)LﬂL(z) if a;r <0< B;
L@y i g <0 < o

(5.6)
d(x)ai(x)-i-ﬁz:(x) if Oé;ry B:r <0
< My { d(z)*@ oy <0<p
d()? (@) if 7 <0<ap,

for a certain positive constant My := My (L, C, co, o, 5;).
Assume that o + % < 0. On account of (Hy) and (5.6), we deduce from (5.5)
that

Vi

'Yz z))

|fi (%, 21,05 22,0, V21,0, V2o.0)| < M, (Zfrfz) AN |VZ
1 (z) 5i(z )
< Mi(K@) + {qa@)7® + vz} + {ggm R + [V} )-

where
(éd(x))i (=) +hi) if of, B <0,

K(z) = { (@d@)@ || ifal <0< 8],

z;";@ (cd(x))ﬁi(w) if B <0< aj.
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Setting
Gilw) = M, <K(x) * {gl(x)ﬁ + |vz1‘}%(w) + {gz(x)ﬁ + |V22|}%(w) )v

we claim that G; € Lp;(m)(Q). Indeed, since g1, g2 € L*(Q), it is readily seen that

1 vi(x) 1 ()

{91(33)’“11(“ + \VZ1|} e Lo (Q) (5.7)
and () (=)
1 Yilx po(z

{g2<x) pzl(Z) + |Vz2|} c L7i=) (Q) (58)

Assumption (Hq g,) ensures that the embeddings

pi(z) p2(z)

L@ (Q) < LP®)(Q) and L7 () — LPi®)(Q)

hold true, while (Hq g,) together with an argument similar to (3.7) guarantee that

/K(m)p;(”)dx < o0. (5.9)
Q

Then, gathering (5.7)-(5.9) together we conclude that G;(x) € LPi(*) (1), showing the
claim.

The generalized Lebesgue’s Dominated Convergence Theorem (see [10,
Lemma 3.2.8]) implies that

. !
fi (1‘, Zl,nk ) ZQ,?Lk ) vzl,nk ) VZQ,TL}C) — ,f’i (l’, 214522, VZl, VZQ) m Lpl (CE) (Q)

The convergence principle implies that the entire sequence (f; (z, 21,0, 22,n, V1,0, V22.1))
converges to fi (x, 21, 22, V21, Vzg) in LPi®)(Q) < W—LPi(#) (Q), showing the conti-
nuity of 7.

Furthermore, it is worth noting that the operator 7 can be written as

Ti= (L7 0@y, L3t 0®y),

where £; = —A,, () and ®;(21, 22) = fi (2, 21, 22, V21, V2g) for all (21, 22) € KL- Thus,
the compactness of the embedding LP:(*)(Q) < W=1Pi(#)(Q) implies that @; (Kp) is
a relatively compact subset of W‘l’p;(“)(Q), hence the compactness of ®;. Therefore,
the boundedness of £; ' (see [19, Theorem 3.2]), leads to the compactness of 7. The
proof is completed. O

5.3. PROOF OF THEOREM 1.1

By virtue of Propositions 5.1 and 5.2 (resp. Propositions 5.3 and 5.4), we are in
a position to apply Schauder’s fixed point theorem (see, e.g., [24]) to the set K¢
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(resp. K;) and the map 7 : Ko — K¢ (resp. T : K; — K;). This ensures the
existence of (u1,u2) € K¢ (resp. (ur,uz) € Kj satisfying (uq, ug) = T(U1,U2) (resp.
(u1,u2) = T (u1,us)). Taking into account the definition of T (resp. T), it turns out
that (u1,us) € CH7(Q) x CL7(Q) for certain 7 € (0,1) (resp. (u1,ug) € (Wol’pl(m)(ﬂ)ﬂ
L>(Q)) x (Wol’m(m)(Q) N L>(€))) is a (positive) solution of problem (P). Moreover,

because the solution (u1,u2) lies in K¢ (resp. K7 ), Lemma 4.1 implies that (1.3) is
fulfilled. This completes the proof.

6. APPENDIX

Denoting B; the unit ball and S; the unit sphere of RN, let ¥, II. : RN — R be
sequences of mollifiers defined for € > 0 by

U, (z) = ;lef (%) and II(z) = 6iNH (%) : (6.1)

with ¥ : By — R a bump function satisfying

U(x) = C'_leflf\lﬂﬂ\Q7 C= /671"1‘”‘2 dr, and II= 6_17@
B
where m € C§(By) is the solution of the problem

=0 on Sq,

{—Aw —1 in By,

and C = fBl m(x)dz. Both the functions ¥ and II satisfy

/\Il(a:)dx _ /H(m)dm Y (6.2)

RN RN
The Mean Value Theorem is stated as follows.

Theorem 6.1. Let u € Wol’p(w)(Q) be the solution of a nonlinear elliptic equation of
the form

—Apyu = h(x) in Q, u=0 on 08, (6.3)
where h is a sign-constant function. Let f :  — R be a Lipschitz continuous function

satisfying —oo < m < f(x) < M < oo for some constants m, M. Then, for any

sign-constant function ¢ € Wol’p(z)(Q), there exists a real v € [m, M|, depending on ¢,
such that

/ f(@)|VulP P 2VuVde = ~ / h(x)pdz. (6.4)
Q

Q
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Remark 6.2. Actually, equality (6.4) shall be proved for any nonnegative function

¢ € C§° (), and the generalization to WO1 P (x)(Q) is deduced by a density argument.
Also, without loss of generality, we will assume that h is nonnegative, because otherwise,
instead of (6.3), we consider the problem

—Ap@yu = —h(z) in Q, u =0 on 99,
whose solution is 4 = —wu. Similarly, we will assume that ¢ is nonnegative.

Proof of Theorem 6.1. Inspired by [4], the proof of (6.4) is divided in four steps.

Step 1. For any functions f,g: RY — R, denote * the classical convolution product
defined by

f*glx /fx—z z)dz, for any z € Q,

and set
¢6:¢*H67
Qy) ={z € Q| f(x) <y}, yem M],
Qe ={x € Q|d(z,00) > €},

ae0(y) = Law)na. * Pe.

(6.5)

Let F,, F. : [m, M] — R (¢ > 0) be the functionals defined for any nonnegative function
¢ € C3°(Q) by

Fi(y) = / Gec (@) ()| VuPO-2TuV4,dz,
Q

F.(y) = /ae,ﬂ(y)(m) |Vu|p("”)_2VuV¢6dac,
Q

where u refers to the solution of problem (6.3). We claim that

M
lgr(l) / /deE (6.6)

m

Indeed, let P, = {m =y < ... <y, = M} be a partition of the interval [m, M| such
that N =y, — yr—1 = 0 <, and let y}, € [yx—1, yx]. We check that

Zn:{ F( e (Yr— 1} Zyk Fe(yr—1)]

k=1

- / () — y)ace, (0) | VulP @ 2VuVo.da
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with
U ={r € Qlyr—1 < f(z) <yr} = Uy)\2yr—1)

and

Ae,Qp = Qe,Q(yr) — Te,Qyr—1)"

For any = € Q) N Q. + B(0), there exists (y, s) € Q) N Qe x B:(0), such that z = y + s.
From the Mean Value Theorem, and the C-Lipschitz regularity of f, we infer that

|f(@) =yl <1fy+s) = F@)+1f W) — il < Clsl+ lyx — yr—1] < Ce+ 1.

Since ae a(yy) = de,0(m) = 0, and ac o(y,) = Ge,0(M) = Ge,0, it holds
n
> acq (@) = acal2). (6.8)
k=1

Gathering (6.7)—(6.8) together leads to

Z[Fs(y — Fo(yi- 1} Zyk Fe(yr—1)]
k=1 (6.9)
< (Ce+n)/ae7Q|Vu|p(I)71 |Voe|d.

o)

Observe that

!i_r% ae.0(y) = Law) (y € [m, M]) and lgr(l) Ve =V¢ ae. in Q, (6.10)

see for example [11, Theorem 7, page 714]. Thus, (6.9)—(6.10) together imply

t tim | [Felyn) — Futynn)] - Zyk Fulye)]| = 0.
This achieves the proof of (6.6).
Step 2. After integrating by parts, we may write that
M M
[ v = LEOD) = mE(m)) - [ Fy)dy,
which implies, according to (6.6),
M
lim (FE(M) - F'e(m)) — | ME.(M) — mF.(m) — / F.(ydy || =0.  (6.11)
e—

m
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By definition of F. and F., (6.11) becomes

lim / aea(x) (@) Vul" @2 VuV .do

€E—r
Q
- M /aeg x |VU|P($)*2VuV¢Ed:E (6.12)
M

By the way, ac o) = @e,0 — Ge,0\Q(y), 50 from (6.12) we obtain

lir% /agyg(x) f(@)|VuP P 2TV p.da

€E—>
Q

—m / e 0(2) VUl D 2 VUV pod (6.13)
Q

M
—/ /aeyg\g(y)(x)|Vu|p($)_2VuV¢5dx dy| = 0.
m  LO

Step 3. Set A(y) = Qy) (resp. A(y) = Q\Q(y)). Assume that ¢ > 0 is constant in A(y).
Then from the Dominated Convergence Theorem and (6.10) we get

M

].iH(l) /a@A(y)(x) |Vu[P@=2uV ¢.dz | dy
e—

m  LQ

" (6.14)
:/ /]lA y(z ) [Vul[P P2V uVede | dy = 0.

m  LQ

Now suppose that ¢ is not constant in A(y). For (e,y, ¢) € Ry x [m, M] x (C§°(Q))+

fixed, we claim that there exists a nonnegative function ®., € WO1 P (I)(Q) such that
VO, =acay)Voe a.e. in (. (6.15)
Indeed, consider the singular quasilinear elliptic problem

—Av = —|ac a@) Ve|*v™t — 2div (ac 4y Vée) in €,
v>0 in Q, (6.16)
v=20 on 0f).



128 Abdelkrim Moussaoui, Dany Nabab, and Jean Vélin

Here, the divergence of the vector ac 4(,)V¢. must be interpreted in the classical
sense, which is possible since the convolution ¢, (resp. ac 4(y)) involves the function ¢
(resp. ¥.) which is infinitely differentiable. We are going to prove the existence of at
least one solution for (6.16) in the sense of distributions, i.e., there exists v. € H(Q)
such that

/ Vo Véder = — / |ac gy Voe>v, eda — 2 / div (ae, () Voe) Ed

Q Q Q

for every £ € H}(Q).

Ezistence of a solution for (6.16). Define
CLG(.T) = lae,A(y)v¢e|a
bﬁ(x) = div (ae,A(y)VqSe) y
K.={weC}Q):v, <w<7n.},
Ve = )\671/21#7
Ve = max{)‘ﬁ_lﬂnwnom (16 lloo 1[0 }+
fe(w,2) = —a(x)z ! — 2b.(z), 2€ K.,

¢(x) = 14y (x) min /¢$—€ydy7
eE(O 1)
31(0)

where 1, x € CL(Q) are respectively the solutions of the problems

—Ay = QAS in Q, q —Ax =1 in Q, (6.17)
an .
=0 on 01}, x=20 on 01},

see [22, Proposition 2.1]. The fact that ¢ > 0 is not constant in A(y) implies that ¢ is
a positive nontrivial function, hence the existence of A > 0 such that

d(z) < Mp(z) for all z € Q, (6.18)

with d(z) == d(z,9Q), see [23, Theorems 1 and 2]. Let z € K, consider the auxiliary
problem

(6.19)

—Av = fo(x,z) inQ,
v=20 on 0N).

Following the ideas of [22], we prove that f. € L?(f2). Indeed, due to the classical
Mean Value Theorem, the estimation a, () (%) < [|[Vae a(y)llood(x) with (6.18) imply

agz_l < a2ve |a6A V(b | ( _1/2"/])_1 < 61/2||VGE,A(y)||OO|V¢6|27 (6'20)

— €

hence a2~ € LI(Q) for any ¢ > N. Consequently, f. € LI(Q), and from [22,
Proposition 2.1] there exists 9. = Az € C}(Q) satisfying (6.19). Since the mapping
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S K. — Li(Q), defined by Sz = fe(z,2), is continuous and bounded, it follows
from [17, Lemma 2.1] that 4 : K, — C§(£2) is compact. It remains to prove that
A: K. — K. Indeed, let z € K. and 9. = Az. Then —A¥. < ||be]loc = —A(]|bellooX)s
x defined in (6.17), which implies according to the weak comparison principle that
Be < lbelloox < Te.

Now to prove that v, < ¥, we proceed as in [17]. Let

By ={xeQ: f(z,") < Asd(x)} (s>0)

and let v . be the solution of the problem

€ ) i BS
—Av=s5"1fo (z,0)=s"" / (ZC v) ?n , v =20 on 0.
’ Asp(z)  in Q\B;
Notice that —A¥, = fe(x, 2) > fs.(x,v.) = —A (svs), and from the weak comparison

principle we have U, > sv; . Also, setting vy = A, ¢ defined in (6.17), then vy satisfies
—Awg = A¢. From [17, Lemma 2.1], and using (6.18) and (6.20), there exists C' > 0
independent of v,  and vy such that

|Us,e - v0|01 <C

Silfs,e - A&H
q
1/q

q
dx

—C / ’571[—a§(z)y21 — 2be(2)] = Ad(x) (6.21)
B

< CIB,M1 (57 [21Vac g o I V0% + 2lbell] + Al )
< C|B,[V M,

where
My =57 e 2Vl VIS + 267 VYlloo[Vlloo + 21 A8 0] + Alllloo| Bal-
Also, from (6.18), we check that
Ve > svs.e > As (A g — A Hwg e — volcnd(z)) > As(1 = |vge —volcn ). (6.22)
Now, consider the set
G = {2 €0 d(z,0[A(y) N Q) = e}.
If 2 € G, be(x) = Lagy)(2)A¢c(x), and by definition of ¢ it occurs

—2b(z) = 21 4y (2)P * (—ALL) (z) = 26726_111,4(3/) (x) / d(z —ey)dy. (6.23)
B1(0)
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Assume that ¢ > 0 is small enough so that e /2 > XC + 27 'N||V| oo || V7 00
From (6.23) we deduce that

— _
“20.(0) 2 (20 + 0 NVoll [ Vrl)e Lagy(a) [ ota—co)dy. (621)
B1(0)
Besides, considering that A > 0 satisfies (6.18), for any (z,z) € G x K, we get
—ag(x)z_l > _|a6,A(y)V¢6‘29;1 > _|ae,A(y)V¢6|2(€_1/2d(x))_1

7_1 _
> —C N||V¢||oo||V7THooe 3/2]1A(y)(1‘) / (;5(1' — €y>dy (625)

B1(0)
Therefore, combining (6.24) and (6.25), in the set G we end up with
felz,2) > 2)\6_3/21A(y) (x) / o(x — ey)dy > )\sé(x),
B1(0)

with s = 2¢~1/2. Consequently B, C Q\G, where B, = {z € Q : f.(z,.) < Asp(x)},
and so |Bs| < [Q\G] < kyeV for some constant ky > 0. Applying (6.21) with
s=2¢"1/2 and q € (N, (4/3)N), we may write, for ¢ > 0 small enough,

[Us.c —volc1 < C¥/AM, < /4 M < 1/2, (6.26)

where M > 0 is some constant independent of e. We deduce from (6.22) and (6.26)
that
e > Ms/2)1p = e P =w,.

Therefore ¥ € K., and the existence of a solution of (6.16) follows from Schauder’s
fixed point theorem.
Proof of (6.15). Let v, € K. be a solution of (6.16). We show that

/ Vo, = e a@y) Vée| dz = 0.
Q

Indeed, multiplying (6.16) by v. and integrating over {2, we may write

0= / [|WE\2 +lacag Vol + Qdiv(ae,A(y)VqSe)vE] da
(V0 = 2000 V6o Vv + [ac ) Vo] da

|Vv6 — a€7A(y)V¢€|2 dx.

Z
/
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As a consequence, we define ®, , = v in (6.15).

Step 4. Since u is a solution of problem (6.3), and thanks to the positivity of the
functions h and ®.,, from (6.15) we have

I = / e A@y) (@) |VuPP2VuVo.dr | dy
L2
/ \VulP @) =2VuV e, ,dr | dy (6.27)
L

I
S\i S\E S\E

/h(x)(1>67yda: dy > 0.
Q

Besides, using the same argument as in (6.14), we prove that the sequence I, converges
as € — 0. Therefore from (6.27) we deduce that limofE > 0, and combining (6.12) and
€E—

(6.13), we end up with

mliné/aeﬁg(x) \VulP@=2VuV ¢ dx
€—
Q
<l [ a.a(0) F(2)[VuP™ ?VuT.ds
€E—>
Q
< M lim / aeo(z) |[VulP®2VuVe.de.
€E—
Q
The Dominated Convergence Theorem and (6.10) imply that
m / h(x)pdz = m / |VulP® =2V uV ¢pdx
Q Q
< / f(@)|Vu|P®=2VuV pdz
Q
< M/|vu|P<w>*2vuv¢>dx = M/h(x)qbdx.
Q Q

This leads to the existence of v € [m, M], depending on ¢, such that

/ f(@)|VulP @ 2VuVdr = ~ / h(x)pdz.
Q

Q

This completes the proof. O
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