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1. INTRODUCTION

This paper aims to establish the two-weight norm inequalities for the rough fractional
integral operators on Morrey spaces. The rough fractional integral operators are
introduced by Muckenhoupt and Wheeden in [15]. It is an extension of the fractional
integral operators (Riesz potentials). For the applications of these operators, the reader
may consult [15].

The mapping properties of the rough fractional integral operators on power-weighted
Lebesgue spaces were obtained in [15]. It had been extended to weighted Lebesgue
spaces in [4]. The results given in [4] are the one-weight norm inequalities for the
rough fractional integral operators. The one-weight norm inequalities are special cases
of two-weight norm inequalities. The Stein—Weiss inequality, which gives the mapping
properties of the fractional integral operators on power weighted Lebesgue spaces,
is one of the pioneer results on two-weight norm inequalities for fractional integral
operators. The two-weight norm for the rough fractional integral operators had been
established in [3].

The mapping property of fractional integral operators on Morrey type spaces is
one of the important extensions for the study of the fractional integral operators.
The classical results are the Spanne’s result [19] and the Adams inequalities [1]. The
mapping properties of the fractional integral operators on Morrey give applications
on Schrodinger equation, see [18]. The mapping properties for the singular integral
operators and the fractional integral operators on some generalizations of Morrey
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spaces such as weak Morrey space, Orlicz—-Morrey spaces, Morrey spaces with variable
exponents and Morrey—Banach spaces are given in [2,5-7,12,13,16,17, 20,21, 25].

The one-weight norm inequalities for maximal operator, singular integral operators
and fractional integral operators on Morrey spaces are given by the mapping properties
of these operators on the weighted Morrey spaces. These mapping properties are
provided in [14]. The two-weight norm inequalities on Morrey spaces aand Herz spaces
are given in [9,22-24,26]. In this paper, we extend the two-weight norm inequalities
for the rough fractional integral operators on Lebesgue spaces to Morrey spaces.

This paper is organized as follows. Section 2 presents the definition of the rough
fractional integral operators and its two-weight norm inequalities on Lebesgue spaces.
The main result of this paper, the two-weight norm inequalities of the rough fractional
integral operators on Morrey spaces are established in Section 3.

2. PRELIMINARIES

Let 0 < o < n and 2 be a homogeneous function on R™ with degree zero, that is,
for any z € R" and A > 0

Q(Az) = Q(z),
and Q € L*(S" 1), where S"~! denotes the unit sphere in R™. The fractional integral
operator with rough kernel is defined by

Toof(@) = [ Wf(y)dy-

Notice that the above operator is also named as the fractional integral operator
with homogeneous kernel, see [10,15].
The rough fractional maximal operator Mg , is defined by

Moo f () = sup —- / 1 — )IIf () ldy.

r>0 T"T¢
|z—y|<r

Let B(z,r) = {x € R"™ : |z — 2| < r} denote the open ball with center z € R
and radius r > 0. Let B = {B(z,r) : z € R", r > 0}. For any Lebesgue measurable
set E, let |E| and y g be the Lebesgue measure and the characteristic function of E,
respectively.

We now state the classes of weight functions used in this paper. We begin with the
well known Muckenhoupt weight functions.

Definition 2.1. For 1 < p < 0o, a locally integrable function u : R™ — [0, 00) is said
to be an A, weight if

P
7

1

1/ / _p
sup | — [ u(x)dx — [ u(x) Pdx < 00,
s \ 1w O ) g

where p’ = ppj and |B| denotes the Lebesgue measure of B € B.
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Next, we recall the classes of weight functions used in [4] for the studies of the
weighted norm inequalities of the rough fractional integral operators.

Definition 2.2. Let 1 < p,q < oco. For any nonnegative function u, we write
u € A(p, q) if

1/q 1/p’

1/ 1 o
sup | — [ u(x)dx —/ux Pdx < 0.
s\ i) B ) "

The following are two classes of weight functions introduced in [3] for the studies
of the two-weight norm inequalities of the rough fractional integral operators.

Definition 2.3. Let 1 < p < oo. For any pair of nonnegative functions u, v, we write
(u,v) € A*(p) if

1 / 1 / o
sup | — [ u(x)dx — [ v(x)” Pdx < 00.

Definition 2.4. Let 1 < p, ¢ < oco. For any pair of nonnegative functions u, v, we write
(u,v) € A*(p, q) if

1/q 1/p’

1 / 1 ,
sup | — [ ui(x)dx —/v_p x)dx < 0.
FRANGI ETAN

Let 1 < p < oo. For any nonnegative function u, the weighted Lebesgue space
consists of those Lebesgue measurable functions satisfying

1/p

£l e ) = /If(ﬂc)lpu(:c)dx < 0.
in

When u = 1, we write LP(u) by LP.
We now present the two-weight norm inequalities for the rough fractional integral
operator from [3, Theorem 1.1].

Theorem 2.5. Lets>1,0<a<n,1<p<n,%:%
a homogeneous function on R™ with degree zero and Q € L*(S"~1). If

(1) 1<s <p, (', 0%) € A*(p/s',q/s') and u® ,v*" € A(p/s’,q/s') or
(2) s>q, (v ,u"%) e A*(¢'/s',p'/s') and v~ ,u™* € A(q/s',p/s),

then there is a constant C > 0 such that

— 2. Suppose that Q is

1Ta,0fllzaey < CllfllLrwr)-

For the proof of the above result, the reader is referred to [3, Section 3].
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3. MAIN RESULT

In this section, we establish the two-weight norm inequalities of the rough fractional
integral operators on Morrey spaces. We present our result in terms of the mapping
properties of the rough fractional integral operators on two different weighted Morrey
spaces. Therefore, we begin with the definition of weighted Morrey spaces.

Let w : B — (0,00). We say that w is a Lebesgue measurable function if
w(B(+,-)) is Lebesgue measurable on R™ x (0, c0).

Definition 3.1. Let 1 < p < oo. For any Lebesgue measurable functions
u:R™ — (0,00) and w : B — (0,00), the weighted Morrey space MP(u) consists of
those Lebesgue measurable functions f satisfying

1
pry) = SUPp ——< ) < 00.
£l a2 ) sup w(B)HXBfHL (u)

Notice that there are two sets of conditions that guarantees the validity of The-
orem 2.5. We first establish the mapping properties of the rough fractional integral
operators on MP(vP) and MZ(u?) when u and v satisfy Item (1) of Theorem 2.5.
We start with the condition satisfied by the function w.

Definition 3.2. Let 1 < p < co and u be a non-negative locally integrable function.
For any w : B — (0,00), we write w € W, ,, if there exists a constant C' > 0 such that
for any z € R™ and r > 0

w(B(z,2r)) < Cw(B(z,1)), (3.1)

3 X8 270 w(B(z,271r)) < Cw(B(z,r)).
=0 IXB(,2+1) | Le (w)

We are now ready to present the first result on the two-weight norm inequalities of
the rough fractional integral operators on Morrey spaces.

Theorem 3.3. LetneN,s>n,0<a<n, s <p<n, %:%
is a homogeneous function on R™ with degree zero and 2 € L*(S"~1). Suppose that
the Lebesgue measurable functions u,v : R™ — (0, 00) satisfy Item (1) of Theorem 2.5.
If the Lebesgue measurable function w : B — (0,00) belongs to Wy ya, then there is

a constant C' > 0 such that for any f € ME(vP)

— =. Suppose that

17,0 fll a3 ey < CllFllaz ory-
Proof. Let B = B(z,r) € B and f € MF(vP). For any z € R” and r > 0, define
Jo=XBG2nf and f; =Xpeoitir\B2inS J€N\{0}.

We have f(z) = fo(z) + 3272, fi(@).
Theorem 2.5 asserts that Tq o : LP(vP) — L9(u9). That is,

1Te,ofollLauay < Cll follzrwr)
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and, hence, (3.1) gives

1 1
T I DL N z,r T [e% U S 07 z,27 vP)- 3.2
(.L)(B(Z,’I‘)) ||XB( s )( Q, fO)HL‘I( a) w(B(Z,QT)) HXB( )2 )fHLP( P) ( )
There is a constant C' > 0 such that, for any j > 1
XB(zr) (2)|(Ta,af;) ()]

<Cwen@ [ 0e-gle-y Gy 6
B(z,27+t1r)\B(2,27r)

Since €2 is a homogeneous function on R™ with degree zero and € L*(S"~!), according
to [10, (5.9)], we have

IXB(z20+17) f]
|B(z,27%1r)

L (3.4)

o
n

XB(zr) () (Ta,afi)(@)] < Cxpzr)(2)

1
S/

As p > ¢, the Holder inequality asserts that

h1/s’ 1/s’
Lo < Clixae2mim | F 17 N5 e o IXB 25410 |y (oo

IXB(z,20+17) f]
(3.5)

1 ’
= Clixppvim o) IXBG 2510 | iy (omioreryry-

In addition, since (u¥,v*') € A*(p/s’,q/s'), we have a constant C' > 0 such that for
any B(z,r) € B,

s'/a 1/(p/s")
1 / 1 ’ IAYA
—_— u(z)ldx —_— / v(z) =S P/ dg <C.
[B(z,7)] |B(z,7)|
B(z,r) B(z,r)
Therefore,
1/s'(p/s")’
1/s’ s Y
B2+t ey (gmsoryrary = o(@) " # de
B(z,27+1r)

1

IXB(z,20+1r) | La(ua)”

< C|B(, 271y [ 7w

Notice that 1 1 1 1 1 1
«
— - = — —_——_ = — = —, 3.6
¢TIy 4 Y T p ¥ m (30)
)

Consequently, (3.4), (3.5) and (3.6) give

IXB(z,20+17) fll Lr (or)

XB(zn) (©)|(To,0fj) (@) < CXp(zr (2) IXB (2041 | Lauey
2,20+1p q(u4
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Applying the norm || - || e (ye) on both sides of the above inequality, we have

IXB(z,20+17) fll Lo (wr)

IXB(:myTaafillLa@e) < ClixXBrllLaue (3.7)

IXB(z2i+1r) | La(ua)

We find that

) ||XB(z,7-)TQ,o¢f||L‘?(u‘1)
1

<

~ulz,r)

HXB (z,7) TfO“Lq(uq) + Z ) ||XB(Z T)Tf]”Lq (u9)-

Therefore, (3.2) and (3.7) yield

1
N era q(ud
uz, )HXB(,) Q.afllLa(ue

Z 2i+1, ) ||XB(z,r)||Lq(uq) HXB(Z,2j+1r)fHLp(vp)
(Z7T) ||XB(z,2j+1r)||Lq(uq) ’U,(Z’2j+1r)

< Cllfollazwry + CZ

(2,27017)  {IXB(zr) | La(ue)
u(z,7)  IXB(z2i+1r) lLa(ua)

< C|lfollae vp)+CZ £l Az (ory -

Hence, (3.1) asserts that

1
— 3 2nTaa 7 (ya) < C P(vp
oy e T lrsan) < Cllfllarzor
for some C' > 0 independent of z € R™ and r > 0. By taking supremum over B(z,r) € B
on both sides of the above inequality, we obtain our desired result. O

Next, we present and establish the mapping properties of the rough fractional
integral operators on MZ(v?) and MZ(u?) when u and v satisfy Item (2) of Theorem 2.5.
We begin with the following characterization for the weight w.

Definition 3.4. Let 1 <p < oo, > 0, and v be a non-negative locally integrable
function. For any w : B — (0, 00), we write w € W, , g if there exists a constant C' > 0
such that for any x € R™ and r > 0

w(B(x,2r)) < Cw(B(z,T)), (3.8)

N IXB 20 Lo -y | B(2,7)]P .
Z IXBen ,(( ,)) 1B(z 27r)|5w(B(Z’2jr)) < Cw(B(z,1)) (3.9
z,7 Lp (v—p 5

We now present the second result for the rough fractional integral operators on
Morrey spaces.
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Theorem 3.5. Let n € N, 0 < a < n, max((n/a),q) < s, 1 < p < n,
% = % — 2. Suppose that Q is a homogeneous function on R"™ with degree
zero and Q € L*(S"1). Suppose that the Lebesgue measurable functions

v R" — (0,00) satisfy Item (2) of Theorem 2.5. If the Lebesque measurable

function w : B — (0,00) belongs to W, ,, 1 _ a, then there is a constant C' > 0 such
that for any f € ME(vP)

17,0 fllm3 ey < ClFllazz ory-

Roughly speaking, Item (2) of Theorem 2.5 the dual result of Item (1) of The-
orem 2.5. Therefore, to obtain Theorem 3.5, we need to use the notion of blocks
[8, Definition 2.7] and [10, Definition 4.2] because the block space is a pre-dual of the
Morrey space.

Definition 3.6. Let 1 < p < 0o, u: R™ — (0,00) and w : B — (0,00) be a Lebesgue
measurable functions. A Lebesgue measurable function b is a (p, u,w)-block if it is
supported in a ball B(z,r), r > 0, z € R™ and

6] Lp (u) <

1
w(B(z,1))
We write b € by, (u) if b is a (p, u, w)-block.
We present some supporting results for the proof of Theorem 3.5.

Proposition 3.7. Let 1 <p < oo, v:R" — (0,00) and w: B — (0,00) be a Lebesgue
measurable functions. There exist constants C, D > 0 such that for any f € ME(vP)

Cliflammy < sup /f 2)dz| < D)\l sz um.

beb, ,(v™ )

Proposition 3.8. Let 1 < p < oo, v:R" — (0,00) and w: B — (0,00) be a Lebesgue
measurable functions. Let f be a Lebesque measurable function. If

sup /f x)dx| < 0o,
beEb, ,(v=P") n

then f € MP(vP).

The corresponding results for the Morrey spaces with variable exponents and
block spaces with variable exponents are given in [10, Propositions 4.5 and 4.6].
Since (LP(uP))* = LP (u™?") and (LP(uP))** = Lp(up)7 Where the duality between
f e (LP(uP))* and g € LP (u™?") is given by I,( = [ f(x)g(x)dz, the proofs for
Propositions 3.7 and 3.8 follow from [10, Proposmons 4.5 and 4 6] with some simple
modifications, for brevity, we leave it to the readers. By using the blocks, we can define
and study the block space [8], which is a pre-dual of the Morrey space. As we do not
need the block space in our study, we skip the details.
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Proof of Theorem 3.5. Define Q(z) = Q(—z). Obviously, Q is a homogeneous function
of degree zero and Q € L*(S"~!). Furthermore, for any f € ME(vP) and b € by o, (u™7),
we have

/Tgaf da:f/f 2)Tg bz (3.10)

R

whenever the integrals are well defined.
In view of the above equality, we consider Tg b, where b € by o, (u™7 ).

Let 7 > 0, z € R and b € by ,(u™?) be a block supported in B(z,r). We write

bo (iU) = XB(z,2r) (x)TQ,ab(‘r)

and

bj() = XB(z,2+1r)\B(2,2ir) (T )T(),ab(ff)a JEN.

)=
Obviously, T ,b(z) = b()+2]1 ().

i, 1-—

(

Notice that

= —1—; nThatis,ﬁz%—%.Sinceq’>s’,
(01, (1)) € A°(¢//',1/ /') and (")) ,(u")* € A(g/s',p/s), by applying
the result of Item (1) of Theorem 2.5 on T¢, ,, we find that

\»Qh—'

HbOHLP’(v*P’) = HXB(Z,T)TQ,abHLP/(U*P/) < ||T§~l,abHLP,(U*P,)

<l o1 (3.11)
=l = C0mE)
for some C > 0.
Furthermore, in view of [10, (5.13)], we have
b;(2)] < CXB(z,2r) (@) (3.12)

o
n

|B(z,2ir)|+~

As ¢’ > &, the Holder inequality gives

bl < 1B

Lq /s (u—a )HXB (z,7) || L' /s (ula'/s") sy
= ||bHLq'(u—q’)||XB(z,r)H2<q'/s’)'(u<q’/s'>’s/)

< IXBGn | Loy iy
B w(B(z,r))

By applying the norm || - || . (,-») on both sides of (3.12), we find that

1
IXB(2r ||£’<q'/s’>’ (ula’/s")/s"
|B(z,2ir)|+ ™ '

o

n

C
10511 Lo (u—rry < WHXB@QM”LP’(NP’) (3.13)




Two-weight norm inequalities for rough fractional integral operators. . . 75

Since (v, u~%") € A*(¢'/s',p' /"), we have a constant C' > 0 such that for any
ze€R"and r >0

s'/p’ 1/(d'/s")
1 / v dx _ / ut @) 4y < C.
|B(z,7)| |B(z,7)|
B(z,r) B(z,r)
That is,
5 Bz, |7 7w
XBz) St sy oo ar poryrsry < C . 3.14
x5 )||L< /3 (yla’/3") ") IXB(r) HLP,(U?Z),) ( )
Moreover,
11 1111 a
p/ s/(q//s/)/ - p/ s’ q/ T n’
Inequalities (3.13) and (3.14) give
C HXB(Z 217")||Lp V=P |B(Z 7‘) %_%
155110 (o) < — — . (315)
w( (Z,T)) HXB (z,7) ||LP (v=P") |B(Z72j7" ron

The Holder inequality and (3.10) yield

[ Toat@ipia)ds] < [ 17T, ba)ldz
)

R

< [ em@la+Y [ @@

B(z,r) jle(z,er)\B(sz*lT)
< HXB(Z,T)f”LT’(vP)||b||Lp’(U—p') + Z ||XB(Z,21r)f||LP(vT’)HbjHLP'(U—P')'
j=1

Consequently, (3.8), (3.11) and (3.15) give

/Tgﬂf(x)b(:z:)dx
Br
< IXB(zr) fllLp (o)
~ w(B(z1))
+Ci ||XB(z,2J'7-)f“LP(UP) w(B(2,277)) IXB(z,2im Lo 0=y | B(z,7)|7
w(B(z,27r)) w(B(z,1)) HXB(z,r)”LP’(v »y |B(z,2ir

L
s/

o
n

1 e}
2

Iz

oo

< CN Nz oy Z

Jj=1

1
7

—«
n

w(B(z, 237“ IXB(z2im) | (o-#y |B(2,7)|7
w( 2, T HXB (z,r) ||LP (v=P") |B(Z 2”")

1
7

—_a
n




76 Kwok-Pun Ho

By using (3.9), the integrals on (3.10) are well defined. By taking supremum over
b € by o, (u™7) over both sides of the above inequalities, Proposition 3.8 and (3.9) give

1Tq.afllpmgus = sup /Tﬂ,af(x)b(l’)dx < Ol fll sz oy

bebys ,(u=9") n

O

Similarly, we also have the corresponding results for the rough fractional maximal
operator Mgq . As the results are similar to Theorems 3.3 and 3.5, for brevity, we omit
the details. In addition, for the study of the singular integral operator with rough
kernel on Morrey spaces, the reader is referred to [11].
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