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Abstract. The main aim of this article is to study the Poisson type problem
for anisotropic p-Laplace type equation on long cylindrical domains. The rate of
convergence is shown to be exponential, thereby improving earlier known results for
similar type of operators. The Poincaré inequality for a pseudo p-Laplace operator
on an infinite strip-like domain is also studied and the best constant, like in many
other situations in literature for other operators, is shown to be the same with the
best Poincaré constant of an analogous problem set on a lower dimension.
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1. INTRODUCTION

Let Qy = fw; X we be a cylindrical domain of length ¢ > 0, where wy; C R®*™™ and
wo C R™ are open sets. It is also assumed that 0 € w;. Let us denote a generic point
in R® by z = (X7, X2) with X; € R"™™ and X5 € R™, respectively. The set wo will
be referred to as a cross section of the cylindrical domains €. For p;,p € (1,00),

i €{1,2,...,n}, consider the following generalisations of the Laplace equation:
0 aUg
— Y P22 ) = f(Xo) in Q
Zz:l axZ <|(uf) i axl) f( 2) m g, (11)

up =0 on 08y,

where f : wy — R is in C(@). Let p* = max{p1,...,pn} < n. A typical space for
considering a solution of (1.1) would be the anistropic Sobolev space

W(S) = {u € I () | w, € (Q0) }-
For detail reading on anisotropic Sobolev spaces we refer to [25, 29]. The existence of

a solution for the above (and more general) type of a problem can be found in [30].
ug in (1.1) is also associated with an appropriate minimisation problem. The operator
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involved in (1.1) is called an anisotropic p-Laplacian. For the choice of p; = p for
all 4, the operator is called a pseudo p-Laplacian. For p = 2, a pseudo p-Laplacian
is a Laplacian. Problems involving pseudo p-Laplace operators are widely studied
in literature as it is able to model several real life problems with a great deal of
accuracy. For example, problems in image processing and computer vision [33] are
modeled by pseudo p-Laplace operators. The pseudo p-Laplace operator is also known
as an “orthotropic p-Laplacian operator” as it is invariant with respect to the dihedral
group of N = 2 (see [4]). This operator also naturally appears from optimal transport
problems [6].
Consider an analogous equation on the cross section wy defined as follows:

_ Zi:n—m—i—l 871‘2 (|Wzl Pi al) = f(XZ) 1m wa, (12)
W =0 on Ows.
It will be helpful for our analysis. Define
D(u)(w) =Y _ |ug, ()",
i=1
Dx,(u)(@) = Y |uz (@)
i=n—m-+1
Dx, (u)(@) = Y |ug, ()P
i=1
Assumption (H): Assume for each ¢ € {1,...,n—m} there exists j € {n—m+1,...,n}

such that p; = p;.

Notice that whenever m = 1, Assumption (H) implies the operator to be a pseudo
p-Laplace operator. But whenever the cross section wsy is more than one dimensional,
than the operator is a strictly variable exponent pseudo p-Laplacian operator. The
first aim of this article is to study the asymptotic behavior of uy as £ tends to infinity,
and in this regard we will prove the following theorem.

Theorem 1.1. Assume (H) holds, then for p; > 2, € (0,1) and for some constant
C > 0 independent of ¢,

/ D(uy — W)dz < Ce ¢,
Qo

It is understood that W is extended as a function of X in the whole Qqy.

For the case p; = 2 for all i, a variable exponent (anisotropic) pseudo p-Laplace
operator is a Laplace operator and the above theorem is studied in [12, 34]. The
polynomial rate of convergence was first obtained in [12], whereas sharp exponential
rate of convergence (on the right-hand side) was obtained in [34]. When p; = p the
asymptotic behavior of the corresponding u, was studied in [9]. In [17], a similar
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problem was studied for purely variational problems and it has to be noticed that wu,
in (1.1) can also be obtained for the choice of

G(X):Zw

-1 P

in [17]. Though it is not clear to us at this point if the above G satisfies uniform
“convexity of power-q type” assumption of [17], but nevertheless even if it satisfies, only
the polynomial rate of convergence can be obtained as an application of their main
theorem Theorem 1.1, whereas we prove the exponential rate of convergence. This can
be considered as the main novelty of this article. A similar problem for a fractional
Laplacian operator, hyperbolic operators, parabolic operators, large solutions, purely
variational problems and Allen—-Cahn type equations are carried out in [2, 3, 7, 14, 17,
20] and [18], respectively.

The next goal of this article is to study (1.1) with p; = p > 1 and we will stay with
this assumption for the rest of the our results. The unique function uy in (1.1) has
also the following variational characterisation:

Je(ug) = Wi{lf(Q )J[(U),
ue 0’p Y4

where J; is the energy functional associated to the problem (1.1) and is defined as
"1
Jo(u) = Z - / lug, [Pde — /fudgc.
i=1 sz Qg

Also it is well known that

Jo, (W)= inf  J,(u)
UGWOI"P(wz)

where

sz(u) = Z %/‘UL

deQ — /fung
i=n—m-+1 ws
and where W is as in (1.2). Our next theorem in this direction is the following:

Theorem 1.2 (Convergence of the energy). If p > 2, then for some constant C > 0
we have

P(w1) pon—m (bwr) / Jo(up) C
Juy (W Pdy < ———=— < J,,(W) + —.
(1) + e e < S < (W) + G
Q
The above theorem can be thought as a generalisation of Theorem 4.2 of [17] again
for the choice of G made in there. The extra term

P n—m (£
(wl)ﬂgp () /|W|Pdm

Qe
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in the lower bound is the new contribution. Also our technique is new when compared
to those used in [17], though we present both the techniques in the proof.

Next aim of this article is to study the Poincaré type inequality, related to a pseudo
p-Laplace operator, on an infinite strip type domains Q, := R"™™ X wy (such a name
is used because one gets 2o, by putting £ = oo in €y.) Though Q. is not a bounded
domain, but it is well known (any standard proof of Poincaré inequality will show
this) that the Poincaré inequality holds for such domains. To be more precise, by the
Poincaré inequality we mean the following inequality: For u € VVO1 P(R™™ X wq) and
a constant C(Qs) > 0 (independent of u)

VulPdx
. lulPdz

C(Qs0) is understood to be the best possible constant in the above inequality. In [26],
it was shown (after taking the matrix A = I,,x,,) that C'(Q) = C(w2), where

p

Clug) = i o [Vx2tldXe
uEW()l(wQ) fw2 |U|de2
Similarly, the result for the case p = 2 but with a general matrix A, is done in [13]
by using an approximation argument on the matrix A. Such types of results are
also established on fractional Sobolev spaces and more generally on Orlicz fractional
Sobolev spaces in [22] and [1], respectively. A generalisation of the work [13] for
a generalised p-Laplace operator is carried out in [26].

Now using the fact that all norms in the Euclidean space are equivalent, it can be
easily shown that for ¢ € (0, co] we have

" Uy, |Pdx
0< P() = inf Lizt fQ"’ [z,
wEWL () Jo, luPdz
and Z" iy [PX
. Uy, 4 2
0 < P(wg) = inf i=nmmAl Jwy 1 T
( 2) uEWol(wg) fw2 |U|de2

The following theorem is our second main result in this direction.

Theorem 1.3. Ifp € [1,00), then P(Qs) = P(w2). Moreover, for £ sufficiently large
enough and for some constant C, D > 0, one has

P(WQ) + EBP S P(Qg) S P(LUQ) + egp
The above theorem says that the rate of convergence is £~?, and it is sharp. To the
best of our knowledge, such a matching rate (an optimal rate) of convergence is not
obtained in any other work in literature, except for the linear case of p = 2.
There is now a lot of literature available for problems on long cylindrical domains.
In the paper [23] (see also [5]) it was proved, for a semilinear superlinear equation
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(i.e., with a homogeneous perturbation of exponent m > 1), that the decay to zero
of the solution, for a general unbounded domain 2, when |z| — oo, is of order of the
inverse of a polynomial in |z|, but when the domain € is a cylinder then the decay is
negatively exponential. So, the shape of the domain changes the type of decay to zero
at the infinity of the solution.

For other related work on semilinear equations, polynominal rate of convergence
is obtained in [23] and [5]. We refer to [3, 8, 10, 11, 16, 21, 24, 28, 31, 32] and the
references therein for more detailed survey in this direction and related areas.

Application from the numerical point of view: The following feature is common in
all the three theorems above: The solution (or parameter) on €, which is set on R"
finds its limiting connection on the cross section ws of the cylinder which is a lower
dimensional set (in R"~™). Clearly this has implications from a numerical point of
view, as it saves a lot of computational cost (that arises due to the curse of dimensions)
to work on a lower dimensional problem. For a direct application, the interested reader
may look into [19].

This article is organised in the following way. In the next section, we introduce
some function space, preliminaries and some estimates in the form of lemmas that are
required. In the last section we present the proofs of our main theorems.

2. PRELIMINARIES

Through out this article z = (x1,...,2,) € R"™ will denote a generic point.
lz] = (30, xf)% will denote its Euclidean norm. |z|, = (3°1, \xl|p)% will denote the
£, norm of the point z. The following inequality (equivalence of all finite dimensional
norms) will be used in several place, with making any references: for some constants
c1,c0 > 0,

alz] <lzlp < colz|, xeR™

For us WP(Q), Wy () will denote usual Sobolev spaces (see [27]). The space
V(Q) :={peW(Q): o =0o0n fw; x Ows}

equipped with the W norm. V,Vx,, Vx, will denote gradients in R®, R"~" and R™,
respectively. The Lebesgue measure of a measurable set £ C R will be denoted by
ur(E). Throughout this article the value of the constants will be denoted by a generic
number C' > 0 and may change from line to line. In this article we are not worried
about the existence of uy in (1.1), rather we assume existence, which we believe that it
follows from a usual variational technique, and continue in establishing their asypmtotic
behavior as ¢ tends to co. We say that u, is a weak solution of the problem (1.1),
that is, if u, € W(Qy),
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Lemma 2.1. There exists a constant C' > 0 (independent of £) and for some positive
integer §, we have

/|D wp — W)|dz < CF°.

Proof. Using v = uy in (3.5) which if the equation that u, satisfies weakly, one obtains

(S e

1= 192
Using the Holder’s inequality, we have

pldx*/fwdx Vi.

1/p; 1/q:

[iwoarae= [ pude< | fupar) | [roa]
Qe Q Q,

Qg

where 1/p; + 1/¢; = 1. Now using the Poincaré inequality and Lemma 2.2, we have

/ | (ue)e, P < O,

where the constant C' depends on f,n, m,;,Qs,p; and 0 is a positive integer that
depends on n and m only. Now finally,

/DUZ dx<C'Z/|u(g pl—l—‘W pld$<cé5
1= 19[
possibly for a different § than before. This finishes the proof of the lemma. O

Lemma 2.2. Let P({w;), P(wy) denote the best Poincaré constant of the domains
lwy and wy, respectively, then

P(lwy) = 7P P(wr).
Proof. The proof follows via a standard scaling argument. O

We need the following version of the inequality for n = 1, but nevertheless we state
it more generally.

Lemma 2.3 (An inequality). If p > 2, then there exist a constant C, > 0 such that

n

D (il 2w — il 2ys) (@5 — yi) > Cplz — yf?,

i=1

forallx = (z1,...,20),y = (Y1,--.,Yn) € R™.
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Proof. We use the one dimension version of the following well known inequality [15]:

{(|z|P~%z — |y[*~2y), (z — y)) > Dylz — y|?,

for all x = (21,...,2n),y = (Y1,-..,yn) € R™, where (-, ) denotes the usual inner
product on R™. Just for an idea, the above inequality can be proved using fundamental
theorem of calculus, after writing

1
P22 — |y[P 2y = [ g/(€)d¢
/

where g(€) = |(1—&)x+y€P~2 ((1 — €)x + £y) and then making appropriate estimates
for p > 2. Using this inequality for n = 1, we get that for each i =1,...,n,

(Jzi P22 — |yl P i) (s — y3) > Dylws — il

Therefore summing up over each i gives
n n
> (il 22 — |yilP %) (@i — vi) = Dp Y |wi — il = Dyl — y|f, > Dyl — y|?.
i=1 i=1
This finishes the proof of the lemma. O

Lemma 2.4 (Uniform Poincaré inequality). There exists a constant C > 0 (indepen-
dent of £) such that for eachi={1,...,n} and £’ +1 <,

D(¢)dx > C / |p|Pidx, for all ¢ € V().
Qi \Qy Qur 1\

Proof. Tt is sufficient to prove the inequality for ¢ € C°(€2), as it is a dense subspace
of V(€). First let us deal with the case when i =n —m+1,...,n. Notice that, since
ws is bounded subset of R~ we can use the usual Poincaré inequality to obtain

[ 16,

The required inequality then using the estimate |D ()| > |¢a,
both sides over the rest of the variables.

Now let us consider the case when i € {1,...,n —m}. Fix an i. Let us consider
1 = 1 without any loss of generality. Now using our assumption that there exists
je{n—m+1,...,n} such that p; = p;. We have apply the Poincaré inequality in
the x; direction to get

PidXy > C’/d)ping.

Pi and then integrating

/ 6P dX; < C / (60, [P dXs = / (60, [PrdXs < / D(6)dXo.

w2 w2

The result then again follows after integrating over rest of the variables. O
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Lemma 2.5. The function V (X1, Xa2) = W(X3) € W(Qy), where W is as in (1.2)
satisfies the following equation weakly, for each € > 0:

S o (100

Ve=0 on {w X Ows,
Vi=W on 0lw X ws.

oV,
roa S = jx) i

(3

Proof. By a weak solution above we mean that for any v € VVO1 P(Qy), the following
inequality is satisfied:

> [1vo.,

i:lﬂ[{

pi*Q%%dz:/f(Xg)vdz.
Q

Using Fubini’s theorem we get

1=n—m-+1 w

- LW d
- / Z /|(W)$1(—7X2) be 281}‘ (—,XQ)T;(—,XQ)dX2 Xm

Luwq

Now using the weak formulation for the equation (1.2) and Fubini’s theorem again,
we get

- o0V Ov
Pi 27
> / Voo P25

_ / / F(Xa)o(, X2)dXs | dX1 = Q/ F(X2)vda.

Lwq wa

This finishes the proof of the lemma. O

3. PROOF OF THE MAIN RESULTS

Proof of Theorem 1.3. Let ¢ € W (£), where £ € (0,00] (notice that the case ¢ = oo
is also included). Clearly,

i/kbm Pdgczg/%i Pdy + i /‘%

i:]-Q[ =1 Q2 i:"_m""lQe

Pdz.
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Using Fubini’s Theorem and Lemma 2.2 on the first part, we get

Z / |6,

Pdr = Z/ /|¢zl X1, Xo)[PdXy | dXy

wa Lwq

> (PP(wy) [ |¢|Pde.
/

Using Fubini’s Theorem and the definition of P(ws), we get

nm

/I@ Pde = Z / /|¢1 (X1, X2)PdX, | dX,

1= 19 i=n— m+1£w1

> P(LUQ) Z / /|¢ Xl,Xg |de2 Xm

i=n— m+1iw1

) Y / 9lPde.

znm+1

Now since the space C2°(€)) is dense in Wy (), it implies, after taking infimum
over the previous inequality, that P(ws) < P(€y).

For the other part of the inequality, first consider the following sequence of functions
¢¢ : Lw; — R, with the property that ¢, € Wg’p(&ul), 0<¢p<1,¢)=10n %wl and

C
|V x, de] < A Vo € lw;. (3.1)

Finally, consider the function W, € Wy (), where W € W, P (w,) satisfies

Plaa) [ IWaxs = / W,

wa 1=n— m+1

PdX, | . (3.2)

Since W, ?(%) € WyP(Qso) (trivially extending each function with the value 0
outside ), using the definition of P(£2), we get

et (fgz |(W¢5)wi |”dm)

P(y) < -
( f) = sz |W¢z|pd$

. V> 0. (3.3)
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Simplifying the right-hand side of the above expression, we get

i1 fge |(W¢l)zi Pdx
fsze W g |Pda

_ Z;:lm <fQZ |(W¢£)m

pd:ﬂ) + Z?:n—m-&-l (fﬂz ‘(Wd)é)m? pd$)
er ‘Wd)dpdx
pdl.) n Z?:n—m+1 (fﬂg |V~V$7 p|¢5|pd‘r)
er |W‘p|¢)£‘pd$ ka |W|p|¢é|pd$ .
Using Fubini’s theorem and (3.2), we get
Z?:l (fm |(W¢E)rqz|pd$)
Jo, W ¢elpdz
Z?;lm (flwl |(¢Z)z7|de1> " Z?:n—m-‘rl (fo.)g ~f67‘, P )
oo, 10elPd X, I, [WpdX,
S (S, 1(G0) P
fzwl ‘¢é|de1

S (fo, WP (60)a

= P(wa) +

1
Now using the inequality (ZZ 1 |z,|p) <C (Zle |x1\2) ", where k € N, we obtain

Sy (fo, |70, Pz
Ja, W ¢e|pdz < Plun) +C

Now we use (3.1), to get the following estimates:

e (fﬂ’“’ KWW)“'pdx) CP iy (fon \ Sw01) C
Jo, Welpdz = Ple) € fin—m (5w1) < Plwa) + 55

where p,_,, denotes the n — m dimensional Lebesgue measure of a measurable set
in R"~™. The upper bound follows after combining (3.3) and (3.4).

Now for the first part of the theorem, it is already proved that P(w;) < P(Qs)
in the beginning of the proof. The other part of the inequality follows after observing
that P(Qs) < P(£), for each £ > 0, and then letting ¢ tend to oo together with the
second part of the proof. O

Joo, IV x, 00Pd X,
fgwl |¢Z|de1

(3.4)

Now we turn to the proof of our first theorem.

Proof of Theorem 1.1. As wu, satisfies (1.1) weakly, this means that for any v €
Lp
WyP () one has

. pi_2% 8U /f Xs)vdzx. (3.5)
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This together with Lemma 2.5 gives for all v € Wol’p(Qg),

pz_2 4 _ pi_Qaiw (91)

= 1Q£

dr = 0.

For ¢/ € (0, — 1), let py be a function, whose precise properties will be specified
later, such that v(= vy) == pg(ug — W) € WyP(€). Substituting this v in the previous
equation yields

;({ (|(w)m

Hence we have

" L duy 0w )
pi—2 _ pi—2 _
3 [ (=2 5ot 1w p =) forg =)
ZZlQZ
= 0wy 0w dpe
= — ,._p’L 27_ ,._pl 2 - .
El / ((w)m oz, | W, axi>{(ulg W) axi}da:
1= Q(

Next using the inequality in Lemma 2.3, we get

_,0u L, O0W 0 0
o220 w2 S Lt = W) 2 peue =) | <o

C /pgD(U[ - W)dx

<5 (-

S;/

pi—2 duyg _
8£Z?z' i

L, OW 0
pi? 8:1:') {(W_W)ag‘f}dx

50@

pﬁ2 Ue Pi
- | Z;

ox; ‘ dx;

UZ i Up —

Now we make the choice of py in the following way:
per=pe(X1), 0<pp <1, pp=1onQy, pr=00n€Q;,, and |[Vx pe| <1

We get

P2 ), — W, e g

Pi— 2W;m|

Uy — W| ’
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Now |(pe)z;] <1 and p; = 1 over Qp, so

c, / D(ug — Wdz < n'_m / (g — W),

Qy =la, .\

Pirdlyy — Wldz.

Using the Holder inequality and the Poincaré inequality, we have

¢, [ Dl -

Qu

p;—1

<y / |(ug — W)y, |Pida / lug — W
i—1

Qe Qpr 1\ Ry

Pi dx

Now using the uniform Poincaré inequality (Lemma 2.4), |(ug — W), |Pi| < D(ug — W)
on the right-hand side of the above expression we get for some constant C' > 0,

/D ug — W)de < C / D(ug — W)dx.

Qp Qpr 1\

/ D(uy —

This is nothing but

C
/ D(ug — W)dzx < -

Q Qs
Now iterating the above inequality after choosing ¢ = 2, g +1, 5 +2,..., % + [g],
where [7] denotes the greatest integer less than or equal to =, we obtain
[¢/2]
/ D ug dl‘ < ( ) / D ug d
Qg2 Qg/211e/2]

c \2
< | = D — .
< (C—i— 1) / (ug — W)dx

Qp

Rewriting the above equation in a different way we have
/ D(ug — W)dx < elog<c%>€/2/p(w —W)da.
Qg2 Qg

The proof the theorem for av = 1/2 finally follows after using Lemma 2.1 and observing

that o

For a general a € (0,1) one has to choose ¢ = al,al +1,...,af + [{ — af] to get the
general result. O
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Clearly, Theorem 1.1 implies that up to a subsequence wu; converges to W in
LP(Q4¢) and hence pointwise as well. One may ask if the above convergence also takes
place on the entire ;. We believe that the answer is negative, as W does not satisfy
zero boundary conditions on the lateral part of the boundary. In this aspect a more
relevant question that one can ask is as to whether the convergence happens in Q,_1,
but this is also unclear from our approach.

Now we present the proof of Theorem 1.2

Proof of Theorem 1.2. A weaker estimate for the lower bound: Consider the sequences
of test functions 1y € WP () defined as

1
X)) = ——«+— X5)dX;.
0n(Xa) = s (X)X,
Zo.)l
Since we have
Juw, (W) = inf Ty (1),

this implies that for ¢ > 0,

PdX, —/deX2
wa

p

Jur (W) < sz W ( Z |(W>z1

/(’LL[)L (7, XQ)Xm dXQ

éwl

Ewl

1 n
S,
p = nzm

f(X2)
tin—m (Cwy) /w(qu)Xm dXs.

w2 w1

Now using Jensen’s inequality for the integrals, one has
g

1
- t1) Ly (V) < 3 / / (), (. Xo) P dX1d X

i=n—m-+1

w2 bwy
_//fue(X1,X2)dX1dX2
w2 fwy
1 P
- Z | Ug T 7,X2)| XmdX2
= 1Q

— /ng(Xl,Xg)Xmng = Jg(Qg).
Qe
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A sharper estimate for the lower bound: By definition,

1 n—m 1 n
Il0) =~ ;Q/Kw)ziu DY Q/|<w)xi

i1=n—m-+1

pg{f“e

Using Lemma 2.2 on the first integrand, it is easy to obtain that

3 / ()27 > Plan)0 7 / o,
i=1g, &,

whereas using Fubini’s theorem and the definition of J,, (W) on the second term,

we have .
2 [l = [ o () L (W)

i:nferlQZ O

Combining the above inequalities the stronger estimate follows.

For the second one, first we consider a Lipschitz continuous cutoff function
pe=pe(X1),0 < pp <1,|Vx,pe| < C. We also further assume that pp = 1 on (£—1)w;
and py = 0 on (fw,). Since pg(X1)W (Xa) € Wy P(Qy), we have Jy(ug) < Jo(peW).

Now estimating the right-hand side gives

1 n
HlpW) = JiaW) 43 | S [ loaWaipdn | = [ pwirds (30

=loaQ,, Qe\Qe—1

1 n

=J(W)+ » Z / [(peW)z;|Pdx | — / |peW |Pda:
o, Qe\Qe—1
1 n
37 Z / |(W)ax;|Pdx | — / |W|Pdx
o, Qe\Qe—1

= Mnfm(gwl)JwQ (W) + AZ - BZ-

First notice that
By = ptin—m(fwr \ (£ — Dwy)J(W). (3.7)

Then we estimate the term A,.

n

1
Ap < = Z / [(peW ) z;|Pdx

P —
2_192\9271
C n
<y / W P+ (W (pe), [Pl

i=1



Anisotropic p-Laplace equations on long cylindrical domain 263

Using the properties of py, we can further estimate, and get for some other constant
DWJ, > 0,

A<y [ wp e wpds
=l (3.8)
Dw,p

= Tun_m(ewl \ (0 —1wy) =Cem=1,

Finally combining, (3.6), (3.7) and (3.8), we get

Jg(Ug) C
———— < J,,(W)+ —.
,un—m(éwl) 2( ) E
This finishes the proof of the theorem. O
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